arXiv:math/0604481vl [math.GM] 22 Apr 2006 



Smarandache Multi-Space Theory(II) 

-Multi-spaces on graphs 



Linfan Mao 

Academy of Mathematics and System Sciences 
Chinese Academy of Sciences, Beijing 100080 
maolinfan@ 163.com 



Abstract. A Smarandache multi-space is a union of n different spaces 
equipped with some different structures for an integer n > 2, which can be 
both used for discrete or connected spaces, particularly for geometries and 
spacetimes in theoretical physics. This monograph concentrates on character- 
izing various multi-spaces including three parts altogether. The first part is 
on algebraic multi-spaces with structures, such as those of multi-groups, multi- 
rings, multi-vector spaces, multi-metric spaces, multi-operation systems and 
multi-manifolds, also multi-voltage graphs, multi-embedding of a graph in an 
n-manifold,- • -, etc.. The second discusses Smarandache geometries, including 
those of map geometries, planar map geometries and pseudo-plane geometries, 
in which the Finsler geometry, particularly the Riemann geometry appears as 
a special case of these Smarandache geometries. The third part of this book 
considers the applications of multi-spaces to theoretical physics, including the 
relativity theory, the M-theory and the cosmology. Multi-space models for 
p-branes and cosmos are constructed and some questions in cosmology are 
clarified by multi-spaces. The first two parts are relative independence for 
reading and in each part open problems are included for further research of 
interested readers. 
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2 . Multi-spaces on graphs 



As a useful tool for dealing with relations of events, graph theory has rapidly grown 
in theoretical results as well as its applications to real-world problems, for example 
see [9], [11] and [80] for graph theory, [42] — [44] for topological graphs and combi- 
natorial map theory, [7], [12] and [104] for its applications to probability, electrical 
network and real-life problems. By applying the Smarandache’s notion, graphs are 
models of multi-spaces and matters in the natural world. For the later, graphs are 
a generalization of p-branes and seems to be useful for mechanics and quantum 
physics. 



§2.1 Graphs 

2.1.1. What is a graph? 

A graph G is an ordered 3-tuple (V,E]I), where V,E are finite sets, 7^0 and 
/ : E — > V x V. Call V the vertex set and E the edge set of G, denoted by V (G) and 
E(G), respectively. Two elements v G V(G) and e G E(G) are said to be incident 
if 1(e) = (v , x) or (x,v), where x G V(G). If (u,v) = (v,u) for Vi/., v G V, the graph 
G is called a graph, otherwise, a directed graph with an orientation u — > v on each 
edge (u,v). Unless Section 2.4, graphs considered in this chapter are non-directed. 

The cardinal numbers of |U(G)| and |_E(Cr)| are called the order and the size of 
a graph G, denoted by |G| and e(G), respectively. 

We can draw a graph G on a plane 52 by representing each vertex u of G by 
a point p(u), p(u ) ^ p(v) if and an edge (u,v) by a plane curve connecting 

points p(u) and p(v) on 52) where p : G — > P is a mapping from the graph G to P. 

For example, a graph G = (V, E: I) with V = {v\,v 2 , v 3 , v 4 }, E = {ei, 62, e%, e 4 , e$, 
e 6 ,e 7 ,e 8 ,e 9 ,ei 0 } and 1(a) = (vi,Vi), 1 < i < 4 ;/(e 5 ) = (vi,v 2 ) = (v 2 ,vi ),/(e 8 ) = 
(V3,V4) = (V4, v 3 ), I(e 6 ) = I(e 7 ) = (v 2 ,v 3 ) = (v 3 , v 2 ), I(e 8 ) = I (eg) = (v 4 ,Vi) = 
(i’i , V4) can be drawn on a plane as shown in Fig. 2.1 



Fig, 2.1 

In a graph G = (V,E;I), for Ve G E. if 1(e) = (u,u),u G V, then e is called a 
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loop. For Vei,e 2 G E, if I(e i) = /(e 2 ) and they are not loops, then e\ and e 2 are 
called multiple edges of G. A graph is simple if it is loopless and without multiple 
edges, i.e., Ve i,e 2 G A(r), /(e i) 7^ /(e 2 ) if e\ 7^ e 2 and for Ve G A, if /(e) = (u,v), 
then u ^ v. In a simple graph, an edge ( u , u) can be abbreviated to uv. 

An edge e G E(G) can be divided into two semi-arcs e u ,e v if /(e) = (u,v). Call 
u the root vertex of the semi-arc e u . Two semi-arc e u , f v are said to be v-incident 
or e— incident if u = v or e = /. The set of all semi-arcs of a graph G is denoted by 

Xi(G). 

A walk of a graph T is an alternating sequence of vertices and edges ui, ei, u 2 , e 2 , 

• • • ,e n ,u ni with e % = (ui,u i+ i) for 1 < i < n. The number n is the length of the 
walk. If U\ = u n+ 1, the walk is said to be closed , and open otherwise. For example, 
VieiVie 5 V2e e v 3 e 5 v 3 e7V2e2V2 is a walk in Fig.2.1. A walk is called a trail if all its edges 
are distinct and a path if all the vertices are distinct. A closed path is said to be a 
circuit. 

A graph G = (V, A; /) is connected if there is a path connecting any two vertices 
in this graph. In a graph, a maximal connected subgraph is called a component. 
A graph G is k-connected if removing vertices less than k from G still remains a 
connected graph. Let G be a graph. For \/u G V{G), the neighborhood N G {u ) of 
the vertex u in G is defined by N G (u ) = {u|V(u,u) G E(G)}. The cardinal number 
\N G (u) | is called the valency of the vertex u in the graph G and denoted by Pg{ u )- A 
vertex v with p G (v) = 0 is called an isolated vertex and p G (y ) = 1 a pendent vertex. 
Now we arrange all vertices valency of G as a sequence p G (u) > p G (v) > ■ ■ ■ > p G {w). 
Call this sequence the valency sequence of G. By enumerating edges in E(G), the 
following result holds. 



E PgW=2|B(G)|. 

ueV(G) 

Give a sequence Pi, p 2 , • • • , p p of non- negative integers. If there exists a graph 
whose valency sequence is p\ > p 2 > • • • > p p , then we say that pi,p 2 , • • • ,p p is a 
graphical sequence. We have known the following results (see [11] for details). 

Theorem 2.1.1(Havel,1955 and Hakimi,1962) A sequence p \ , p 2r - ■ ■ , p p of non- 
negative integers with p\ > p 2 > • • • > p p , p > 2,pi > 1 is graphical if and only if 
the sequence p 2 — 1 , p 3 — 1 , • • • , p Pl +i — 1 , p Pl+ 2 , • • • , p p is graphical. 

Theorem 2.1.2(Erdos and Gallai,1960) A sequence pi, p 2 , ■ ■ ■ , p p of non-negative 

p 

integers with pi > p 2 > • • • > p p is graphical if and only if Pi Is even and for each 

i= 1 

integer n, 1 < n < p — 1, 

n p 

J2Pi- n ( n - !) + min{n,pi}. 

i=l i=n -\- 1 

A graph G with a vertex set V(G) = {vi,v 2 , ■ ■ ■ , v p } and an edge set E(G) = 



4 




(ei, e 2 , • • • , e q } can be also described by means of matrix. One such matrix is a px q 
adjacency matrix A{G) = [aij] P x q , where a l3 = |/~ 1 (vi,Vj)|. Thus, the adjacency 
matrix of a graph G is symmetric and is a 0, 1-matrix having 0 entries on its main 
diagonal if G is simple. For example, the adjacency matrix A(G) of the graph in 
Fig. 2.1 is 



MG) 



'110 2 ' 
112 0 
0 2 11 
2 0 11 



Let G i = (Vi,Ei;Ii) and G 2 = (V 2 ,E 2 ]I 2 ) be two graphs. They are identical , 
denoted by G\ = G 2 if Vj = V 2 ,E\ = E 2 and I\ = I 2 . If there exists a 1 — 1 
mapping <j> : Ei — > FJ 2 and (j) : Vj — > V 2 such that 4>I\{e) = / 2 b>(e) for Ve G Fj with 
the convention that <j>(u,v) = (<f)(u) , <j>(v)) , then we say that Gj is isomorphic to 
G 2 , denoted by Gb = G 2 and (f) an isomorphism between G'i and G 2 . For simple 
graphs Ho, this definition can be simplified by (u,v) E Ii(Ei) if and only if 
(</>(u),(/)(v)) E I 2 (E 2 ) for Vu,v E Oi. 

For example, let G\ = (Vj , Tb; /1) and G 2 = (Vj, G 2 ; J 2 ) be two graphs with 



Or = {ui,u 2 ,u 3 }, 



-Ei — {ei, e 2 , e3, e 4}, 

Ji(ei) = (ni,n 2 ),/i(e 2 ) = (v 2 , v 3 ), /i(e 3 ) = (u 3 , Ui), /!(e 4 ) = (ui,ui) 

and 



V 2 = {wi,m 2 , w 3 }, 
-E 2 = {/l, f'2, f'i i A}, 



Wl) = («1 ,U 2 ),I 2 {f 2 ) = {u 2 ,U 3 ),I 2 (f 3 ) = (u 3 ,Mi),/ 2 (/ 4 ) = (« 2 ,« 2 ), 
i.e. , the graphs shown in Fig.2.2. 
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Fig, 2.2 

Then they are isomorphic since we can define a mapping cj) : Ei (J V\ — > E 2 U V 2 by 

</>(e 1 ) = / 2 , 0 (e 2 ) = /s,0(e 3 ) = /i,0(e 4 ) = / 4 

and for 1 < i < 3. It can be verified immediately that <j>h(e) = I 2 0(e) 

for Ve G E\. Therefore, <f> is an isomorphism between G'i and G 2 . 

If Gi = G 2 = G, an isomorphism between Gi and G 2 is said to be an automor- 
phism of G. All automorphisms of a graph G form a group under the composition 
operation, i.e., 4>9(x) = (p(9(x)), where x G E{G)[}V {G). We denote the automor- 
phism group of a graph G by AutG. 

For a simple graph G of n vertices, it is easy to verify that AutG < S n , the 
symmetry group action on these n vertices of G. But for non-simple graph, the 
situation is more complex. The automorphism groups of graphs K m ,m = \V(K m )\ 
and B n ,n = \E(B n ) in Fig. 2. 3 are AutA" m = S m and Aut B n = S n . 



Fig, 2.3 

For generalizing the conception of automorphisms, the semi-arc automorphisms 
of a graph were introduced in [53], which is defined in the following definition. 

Definition 2.1.1 A one-to-one mapping £ on Xi (G) is called a semi-arc automor- 
phism of a graph G if f(e u ) and f(f v ) are v— incident or e— incident if e u and f v are 
v— incident or e— incident for\/e u , f v G Xi (G). 
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All semi-arc automorphisms of a graph also form a group, denoted by AutiG. 
For example, Auti B n = S n [5b] . 

For \/g G AutG, there is an induced action g\% : Xi(G ) — > Xi (G) on AA(G) 
dehned by 



Ve u G Ai(G),g(e u ) g(^)g(u)- 

All induced action of elements in AutG is denoted by AutG| 2 . 

The graph B n shows that AutiG may be not the same as AutG'| 2 . However, we 
get a result in the following. 

Theorem 2.1.3([56]) For a graph V without loops, 

AutiT = Autr|T 

Various applications of this theorem to graphs, especially, to combinatorial maps 
can be found in references [55] — [56] and [66] — [67]. 

2.1.2. Subgraphs in a graph 

A graph H = (Vi, Ep /]) is a subgraph of a graph G = ( V , E\ /) if Vi C V, E± C E 
and 1 1 : Ei — > V\ x V\. We denote that H is a subgraph of G by H C G. For 
example, graphs Gi,G 2 ,G 3 are subgraphs of the graph G in Fig. 2. 4. 



Fig, 2.4 

For a nonempty subset U of the vertex set V (G) of a graph G, the subgraph (U) 
of G induced by U is a graph having vertex set U and whose edge set consists of these 
edges of G incident with elements of U. A subgraph H of G is called vertex-induced 
if H = ( U } for some subset U of V(G). Similarly, for a nonempty subset F of E(G ), 
the subgraph (F) induced by F in G is a graph having edge set F and whose vertex 
set consists of vertices of G incident with at least one edge of F . A subgraph Ed of 
G is edge-induced if H = (F) for some subset F of E{G). In Fig.2.4, subgraphs G\ 
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and G 2 are both vertex-induced subgraphs ({wi,^}), ({u 2 ,u 3 }) and edge-induced 
subgraphs ({(ui,u 4 )}), ({(u 2 ,u 3 )}). 

For a subgraph H of G, if | V (. H ) | = 1 14 (G) \ , then H is called a spanning subgraph 
of G. In Fig. 2. 4, the subgraph G 3 is a spanning subgraph of the graph G. Spanning 
subgraphs are useful for constructing multi-spaces on graphs, see also Section 2.4. 

A spanning subgraph without circuits is called a spanning forest. It is called a 
spanning tree if it is connected. The following characteristic for spanning trees of a 
connected graph is well-known. 

Theorem 2.1.4 A subgraph T of a connected graph G is a spanning tree if and only 
if T is connected and E(T) — |V(G)| — 1. 

Proof The necessity is obvious. For its sufficiency, since T is connected and 
E(T) = |V(G)| — 1, there are no circuits in T. Whence, T is a spanning tree. t| 

A path is also a tree in which each vertex has valency 2 unless the two pendent 
vertices valency 1. We denote a path with n vertices by P n and define the length of 
P n to be n — 1. For a connected graph G, x,y G 14(G), the distance d(x,y ) of x to 
y in G is defined by 



d G (x,y ) = min{ \V(P(x,y))\ — 1 | P(x,y) is a path connecting x and y }. 

For Vw G 1 4(G), the eccentricity e G (u) of u is defined by 
e G (u) — rnax{ d G (u,x) \x G 14(G)}. 

A vertex u + is called an ultimate vertex of a vertex u if d(u, u + ) = e G (u). Not loss of 
generality, we arrange these eccentricities of vertices in G in an order e G (v 1 ), e G (v 2 ), • • • , 
ec(vn) with e G (vi) < e G (v 2 ) < • • • < e G (v n ) y where (ui, v 2 , • • • , v n ) = V{G). 
The sequence {eG(uj)}i<j< s is called an eccentricity sequence of G. If (ei,e 2 , •••-, 
ej = {e G (vi), e G (v 2 ), • • • , e G (v n )} and e x < e 2 < • • • < e s , the sequence {ej}i<j< s is 
called an eccentricity value sequence of G. For convenience, we abbreviate an integer 
sequence (r — 1 + f}i<j< s +i to [r, r + s}. 

The radius r(G) and the diameter D(G) of G are defined by 



r(G) = min{e G (u)\u G V(G)} and D(G) — max{e G {u)\u G 14(G)}, 

respectively. For a given graph G, if r(G) = D(G), then G is called a self-centered 
graph, i.e., the eccentricity value sequence of G is [r(G),r(G)]. Some characteristics 
of self-centered graphs can be found in [47], [64] and [108]. 

For \/x G 14(G), we define a distance decomposition (Id(^)}i<i<e G (a;) of G with 
root x by 



G — Vi(x) 0 V 2 (x) 0 ■ • • 0 V eG ^(x) 




where Vi(x) = { u \d(x,u) = i,u E V(G)} for any integer i , 0 < i < e G (x). We get 
a necessary and sufficient condition for the eccentricity value sequence of a simple 
graph in the following. 

Theorem 2.1.5 A non- decreasing integer sequence {ri}i<j< s is a graphical eccen- 
tricity value sequence if and only if 

( i ) t i < r s < 2rq; 

(ii) A(r i+ i, rf) = |r*+i — r** | = 1 for any integer i,l < i < s — 1. 

Proof If there is a graph G whose eccentricity value sequence is {rq}i<j< s , then 
r i < r .5 is trivial. Now we choose three different vertices Ui,U 2 ,u 3 in G such that 
e G (u i) = rq and d G (u 2 ,u 3 ) = r s . By definition, we know that d(u\,U 2 ) < rq and 
d(u\,u 3 ) < r 1 . According to the triangle inequality for distances, we get that r s = 
d(u 2 ,u 3 ) < d G (u 2 ,Mi) + ^G(MiW 3 ) = d G (u 1 ,u 2 )+d G (u 1 ,u 3 ) < 2rq. So rq < r s < 2rq. 

Assume {ej}i<j< s is the eccentricity value sequence of a graph G. Define A (i) = 
6i + 1 — e,, 1 < i < n — 1. We assert that 0 < A(i) < 1. If this assertion is 
not true, then there must exists a positive integer 1,1 < I < n — 1 such that 
A (/) = e/ + i — e/ > 2. Choose a vertex x E V ( G ) such that e G (A) = e/ and consider 
the distance decomposition {Vi(A)}o<i<e G (a;) °f G with root x. 

Notice that it is obvious that e G (x) — 1 < e G {u\) < e G (x) + 1 for any vertex 
Ui G Vi(G). Since A (/) > 2, there does not exist a vertex with the eccentricity 
e G (x) + 1. Whence, we get e G {u\) < e G (x) for \/u 1 e V\(x). If we have proved 
that e G (uj ) < e G (x) for Vuj E Vj(x), 1 < j < e G (x), we consider these eccentricity 
values of vertices in Vj + i(x). Let u J+ \ E Vj+ i(x). According to the definition of 
{Vi(x)j 0 <i<e G ( x ), there must exists a vertex Uj E Vj(x) such that (uj,Uj + 1 ) E E(G). 
Now consider the distance decomposition {Vi(uj)} 0 <j< eG ( u ) of G with root Uj. Notice 
that Uj + 1 G Vi (uj). Thereby we get that 



e G (u j+ 1 ) < e G (uj) + 1 < e G {x) + 1. 

Because we have assumed that there are no vertices with the eccentricity e G (x) + 
1, so e G (iij + 1 ) < e G {x) for any vertex u ]+ \ E Vj + i(x). Continuing this process, we 
know that e G (y) < e G (x) = ej for any vertex y E V(G). But then there are no 
vertices with the eccentricity e/+ 1, which contradicts the assumption that A (/) > 2. 
Therefore 0 < A(i) < 1 and A(r i+ i, rf) = 1,1 < i < s — 1. 

For any integer sequence {rj}!<j< s with conditions (i) and (ii) hold, it can be 
simply written as {r, r + 1, • • • , r + s — 1} = [r, r + s — 1], where s < r. We construct 
a graph with the eccentricity value sequence [r, r + s — 1] in the following. 

Case 1 s = 1 

In this case, {rj}i<j< s = [r, r]. We can choose any self-centered graph with 
r(G) = r, especially, the circuit C 2r of order 2 r. Then its eccentricity value sequence 
is [r, r] . 

Case 2 s > 2 
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Choose a self-centered graph H with r(H ) = r, x G V(H) and a path = 
UnUi ■ ■ ■ u s _ i. Dehne a new graph G — P S Q H as follows: 
h(d) = h(P s )Uh(ff)\{« 0 }, 

P(G) = 

such as the graph G shown in Fig. 2. 5. 



Fig, 2.5 

Then we know that e G (x) = r, ea{u s _ i) = r + s — 1 and r < e G (x) < r + s — 1 
for all other vertices x G V(G). Therefore, the eccentricity value sequence of G is 
[r, r + s — 1] . This completes the proof. t] 

For a given eccentricity value /, the multiplicity set N G (l ) is defined by N G (l ) = 
{ x | x G V(Cr), e(x) = / }. Jordan proved that the (N G (r(G))) in a tree is a vertex 
or two adjacent vertices in 1869 ([11]). For a graph must not being a tree, we get 
the following result which generalizes Jordan’s result for trees. 

Theorem 2.1.6 Let } i<i<s be a graphical eccentricity value sequence. If\N G (ri)\ 

= l, then there must be I = 1, i.e., \N G (ri)\ > 2 for any integer i, 2 < i < s. 

Proof Let G be a graph with the eccentricity value sequence {rj}i<j< s and 
Ng{ti) = {xo}, ec(xo) = ry. We prove that e G (;r) > ec(xo) for any vertex x G 
V(G) \ {xo}. Consider the distance decomposition {Vj(:ro)}o<i<e G ( 3 :o) °f G with root 
Xq. First, we prove that e G (ui) = ec(x 0 ) + 1 for any vertex Vi G Vi(xo)- Since 
e G (x o) — 1 < e G {v i) < ec(x 0 ) + 1 for any vertex V\ G Vj (x 0 ), we only need to 
prove that e G (ui) > e G (x 0 ) for any vertex V\ G Vifxo). In fact, since for any 
ultimate vertex £0 of xq, we have that cIg(xo,Xq) = e c(x o). So e G (x d) > e G (To)- 
Since N G (e G (x 0 )) = {x 0 },Zo £ N G (e G (x 0 )). Therefore, e G (x£) > e G (x Q ). Choose 
Vi G Vj (.x'o). Assume the shortest path from v\ to iCg is P\ = V\V 2 - ■ ■ v s Xq and 
x 0 fL V{Pf). Otherwise, we already have e G (vi) > e G (x 0 ). Now consider the distance 
decomposition {Vj(^o )}o<i<e G (a: + ) °f G with root xf. We know that v s G Vj 
So we get that 



e G (x^) - 1 < e G {y s ) < e G (px J) + 1. 

Thereafter we get that e G (v s ) > e G (xf) — 1 > e G (x 0 ). Because N G (e G (x 0 )) = {^o}, 
so v s N G (e G (x 0 )). We finally get that e G {y s ) > e G (x 0 ). 
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Similarly, choose v s , f s _i, • • • , v 2 to be root vertices respectively and consider 
these distance decompositions of G with roots v s , u s _i, • • • , v 2 , we get that 
e G (v s ) > e G (x 0 ), 
e G (v s -i) > e G (x 0 ), 

and 

e G {v i) > e G (x 0 ). 

Therefore, e G (vi) = e G (xo ) + 1 for any vertex v\ G Vj.(xo)- 

Now consider these vertices in V 2 {xq). For \/v 2 G V 2 (xq), assume that v 2 is 
adjacent to u\,u\ G V\(xq). We know that e G (v 2 ) > e G (ui) — 1 > e G (xo). Since 
\N G (e G (x 0 ))\ = \N G (n)\ = 1, we get e G (v 2 ) > e G (x 0 ) + 1. 

Now assume that we have proved e G (vk) > e G (x 0 ) + 1 for any vertex Vk G Vj (x 0 ) 
llVj^o) lb ' -UV k (x 0 ) for 1 < k < e G (xo). Let v^+i G Vj+ifTo) and assume that 
Vk+i is adjacent to Uk in Vk(xo). Then we know that e G (yk+i) > e G {uk) — 1 > 
e G (x 0 ). Since |A^ G (ec(a;o))| = 1, we get that e G (v k+ \) > e G (x 0 ) + 1. Therefore, 
e G (x) > ec(x o) for any vertex x, x G V{G) \ {^o}. That is, if \N G (ri)\ = 1, then 
there must be / = 1. t| 

Theorem 2.1.6 is the best possible in some cases of trees. For example, the 
eccentricity value sequence of a path P 2r+ 1 is [r, 2r] and we have that |lV G (r)| = 1 
and |1V g (£;)| = 2 for r + 1 < k < 2 r. But for graphs not being trees, we only found 
some examples satisfying |7V G (ri)| = 1 and |lV G (rj)| > 2. A non-tree graph with 
the eccentricity value sequence [2,3] and |1VG(2)| = 1 can be found in Fig. 2 in the 
reference [64], 

For a given graph G and Vj , V 2 G V(G), define an edge cut E G ( Vj , Vj) by 

E g (V g V 2 ) = { (u,v) G E(G) | u G V u v G Vj}. 

A graph G is hamiltonian if it has a circuit containing all vertices of G. This circuit 
is called a hamiltonian circuit. A path containing all vertices of a graph G is called 
a hamiltonian path. For hamiltonian circuits, we have the following characteristic. 

Theorem 2.1.7 A circuit C of a graph G without isolated vertices is a hamil- 
tonian circuit if and only if for any edge cut C, \E(C) f] E(C)\ = 0(mod2 ) and 

\E(C)C]E(C)\ > 2. 

Proof For any circuit C and an edge cut C, the times crossing C as we travel 
along C must be even. Otherwise, we can not come back to the initial vertex, if C 
is a hamiltonian circuit, then \E(C) f]E(C)\ ^ 0. Whence, \E(C)f]E(C)\ > 2 and 
\E(C) f]E(C) \ = 0(mod2 ) for any edge cut C. 

Now if a circuit C satisfies | E(C) f)E(C)\ > 2 and | E(C) f]E(C)\ = 0(mod2 ) for 
any edge cut C, we prove that C is a hamiltonian circuit of G. In fact, if V(G) \ 
V(C) ^ 0, choose x G V(G) \ V{C). Consider an edge cut E G ({x}, V{G) \ {x}). 
Since p G (x) ^ 0, we know that \E G ({x}, V(G) \{x})| > 1. But since V(C) fj(C(G)\ 
V(C)) = 0, we know that | E G ({x}, V (G) \ {a;}) fj E(C)\ = 0. Contradicts the fact 
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that \E(C) f]E(C)\ > 2 for any edge cut C. Therefore V(C ) = V(G ) and C is a 
hamiltonian circuit of G. t] 

Let G be a simple graph. The closure of G, denoted by C(G), is a graph obtained 
from G by recursively joining pairs of non- adjacent vertices whose valency sum is 
at least |Gj until no such pair remains. In 1976, Bondy and Chvatal proved a very 
useful theorem for hamiltonian graphs. 

Theorem 2. 1.8 ( [5] [8] ) A simple graph is hamiltonian if and only if its closure is 
hamiltonian. 

This theorem generalizes Dirac’s and Ore’s theorems simultaneously stated as 
follows: 

Dirac (1952): Every connected simple graph G of order n > 3 with the minimum 
valency> | is hamiltonian. 

Ore (1960): If G is a simple graph of order n > 3 such that p G [u) + p G (v) > n 
for all distinct non-adjacent vertices u and v, then G is hamiltonian. 

In 1984, Fan generalized Dirac’s theorem to a localized form ([41]). He proved 
that 

Let G be a 2-connected simple graph of order n. If Fan’s condition: 

max{p G (u) , p G (v)} > § 

holds for Vit, v G V ( G ) provided d G (u, v) = 2, then G is hamiltonian. 

After Fan’s paper [17], many researches concentrated on weakening Fan’s condi- 
tion and found new localized conditions for hamiltonian graphs. For example, those 
results in references [4], [48] — [50], [52], [63] and [65] are this type. The next result 
on hamiltonian graphs is obtained by Shi in 1992 ([84]). 

Theorem 2.1.9(Shi, 1992) Let G be a 2-connected simple graph of order n. Then 
G contains a circuit passing through all vertices of valency> |. 

Proof Assume the assertion is false. Let C = V\V2 ■ ■ ■ v^Vi be a circuit containing 
as many vertices of valency > | as possible and with an orientation on it. For 
\/v G V{C), v + denotes the successor and v~ the predecessor of v on C. Set R = 
V(G ) \ V(C). Since G is 2-connected, there exists a path length than 2 connecting 
two vertices of C that is internally disjoint from C and containing one internal 
vertex x of valency > | at least. Assume C and P are chosen in such a way that 
the length of P as small as possible. Let N R (x ) = N G (x ) f]R, N c (x) = N G (x) f) C, 
N g (x ) = {v\v~ G iV c -(a:) } and Nfj(x) = {u|u + G N c (x)}. 

Not loss of generality, we may assume Vi G V{P)R\V{C). Let v t be the other 
vertex in V(P) [}V(C). By the way C was chosen, there exists a vertex v s with 
1 < s < t such that p G (v s ) > | and p{vf) < | for 1 < i < s. 

If s > 3, by the choice of C and P the sets 



12 




N c (v s ) \ {vi}, N c (x), N r (v s ), N r (x), {x, u s _i} 
are pairwise disjoint, implying that 

n > l^c(^) \ {^i}| + |-Nc(ic)| + |^Vfl(u«)| + \ n r(x)\ + |{a;,Ua-i}| 

= Pg(v s ) + p G (x) + 1 > n + 1, 
a contradiction. If s = 2, then the sets 

Nc(v s ),N c (x),N r (v s ),N r (x), {x} 

are pairwise disjoint, which yields a similar contradiction. t] 

Three induced subgraphs used in the next result for hamiltonian graphs are 
shown in Fig. 2. 6. 



Fig^ 2.6 

For an induced subgraph L of a simple graph G , a condition is called a localized 
condition D R {1 ) if Dl(x,u) = l implies that max{pa(x), pc(y)} > yr for Vx, y e 
V(L). Then we get the following result. 

Theorem 2.1.10 Let G be a 2-connected simple graph. If the localized condition 
D l { 2) holds for induced subgraphs L = K i 3 or Z 2 in G, then G is hamiltonian. 

Proof By Theorem 2.1.9, we denote by c*(G) the maximum length of circuits 
passing through all vertices> |. Similar to Theorem 2.1.8, we know that for x,y E 
V(G), if p G (x) > f, p G (y) > f and xy E(G), then cn(G{j{xy}) = c«(G). 
Otherwise, if ci±{G\J{xy}) > cr(G), there exists a circuit of length cs.(G{j{xy}) and 
passing through all vertices> |. Let Cn be such a circuit and Cs = xxpx 2 ■ ■ ■ x s yx 
with s = di(G\J{xy}) — 2. Notice that 

Ng(x) n<r(G) \ yc f (GUM))) = 0 

and 

N a (y) n(r(G) \ r(C|(GU{^</}))) = 0. 
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If there exists an integer i, 1 < i < s, xxi G E(G), then x^iy ^ E(G). Otherwise, 
there is a circuit C' = xx^x i+ 1 ■ ■ ■ x s yXi_iXi_ 2 • • • x in G passing through all vertices> 
| with length cn(G[j{xy})- Contradicts the assumption that cm{Gy]{xy}) > 
c^(G). Whence, 

pa(x) + p G (y ) < I V(G) \ V(C(Cn))\ + \V(C(Cn))\ - 1 = n - 1, 

also contradicts that Pg{x) > f and p G (y ) > |. Therefore, cn(G U{a//}) = c«(G) 
and generally, c^(C(G)) = C"(G). 

Now let C be a maximal circuit passing through all vertices> | in the closure 
C(G) of G with an orientation 6' . According to Theorem 2.1.8, if G(G) is non- 
hamiltonian, we can choose H be a component in G(G) \ C. Dehne N G (H) = 
( U ^c(G)(s))n^(C). Since G(G) is 2-connected, we get that \N G (H) \ > 2. This 

X€lH 

enables us choose vertices x\,x 2 G N C (H ), x\ ^ x 2 and X\ can arrive at x 2 along 
C . Denote by X\C x 2 the path from x\ to x 2 on C and x 2 C x i the reverse. Let P 
be a shortest path connecting x 3 ,x 2 in G(G) and 



■Ui G N C (g) (ninnffinnn , u 2 G N C {g) (i 2 )nm)f|r(P). 

Then 

E{C{G)) , x i x t } U E c{G ){{uu u 2 }, {xb, xt, x?,xt })) = 0 

and 

p A i 3 or ({x 2 ,x 2 ,xZ,u 2 }) p /11.3- 

Otherwise, there exists a circuit longer than G, a contradiction. To prove this 
theorem, we consider two cases. 

Case 1 ^ A'i.3 and ({x^ , x 2 , xt, u 2 }) K L3 

In this case, x^xf G A(G(G)) and x 2 x 2 G A(G(G)). By the maximality of C 
in G(G), we have two claims. 

Claim 1.1 ui = u 2 = u 

Otherwise, let P = x\U\y\ ■ ■ ■ yiu 2 . By the choice of P, there must be 

gci, rti, 2/r}) = Z 2 and ({x 2 , x 2 , x£, u 2 , yi}) = Z 2 
Since C(G) also has the Dl{ 2) property, we get that 

Tl Tl 

, max{p C (G) (xi ) , p C (G) ( M i) } > rnax{p c{G )(xi 2 ~), Pc{G)(u 2 )} > -. 
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Whence, Pc(G)( x i) > f, Pc(G)(^2 ) > f an d -WW G E(C(G)), a contradiction. 

Claim 1.2 XiX 2 G E(C(G )) 

If x 4 x 2 ^ E(C(G)), then ^{xj~, Xi, xf, u, x 2 }^ — Z 2 . Otherwise, we get x 2 xj” G 
E(C(G)) or x 2 xf G E(C(G)). But then there is a circuit 

Ci = X2 C Xi X 2 ux 1 C X2X2 or C 2 = X2 C x\ ux 2 xf C xj x^. 

Contradicts the maximality of C. Therefore, we know that 

({xi ,xi,xi",u,x 2 }) = Z 2 . 

By the property D L ( 2 ), we get that pc(G)Oo) > f 

Similarly, consider the induced subgraph ({X2 , x 2 , xj, u, x 2 }^, we get that pc(G){ x 2 ) 
> |. Whence, x 7 x 2 G E(C(G)), also a contradiction. Thereby we know the struc- 
ture of G as shown in Fig. 2 . 7 . 



Fig, 2.7 

By the maximality of C in C(G), it is obvious that x“ 7 ^ x 2 . We construct an 
induced subgraph sequence {Gj}i<j< m , m = |V(xj~ C x^) \ — 2 and prove there exists 
an integer r, 1 < r < m such that G r = Z 2 . 

First, we consider the induced subgraph G\ = ^{xi ,u, x 2 , x7, If Gi — Z 2 , 

take r — 1. Otherwise, there must be 

{x7x 2 , x7 _ x 2 , x^~u, x7“xi} p| E(C(G)) 7^ 0. 

If XiX 2 G E(C(G)), or x7“x 2 G E(C(G ))., or x7 _ w G F(C(G)), there is 
a circuit C 3 = x^ C xpx^ C xiux 2 x^ , or C 4 = x^~ Cxpx^ C xf Xi x\ux 2 Xi~ , or 
C 5 = Xi~ Cxfxixiuxi~. Each of these circuits contradicts the maximality of 
C. Therefore, x"xi G E(C(G)). 

Now let Xi Cxt = XiVi y 2 ■ ■ ■ y m x t, where y 0 = xi,y 1 = xi~ and y m = x£ + . If 
we have defined an induced subgraph Gk for any integer k and have gotten yyxi G 
E(C(G)) for any integer i, 1 < i < k and ijk+i 7 ^ x t + , then we define 
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Gk+1 ({l/k+ 1? Vk i x h x 2 j ^ } ) • 

If Gfc+i = Z 2l then r = k + 1. Otherwise, there must be 

{y k u, y k x 2 , yfc+iu, y k+ ix 2 , y k +i x i} P| A(C(G)) 7^ 0- 

If G E{C{G)), or y k x 2 G_E(C(G)), or y k+1 u G E(C(G)), or yk +1 x 2 e_ 
A(C(G)), there is a circuit Cq = y k C xfx± C y k ~iXiuy k , or O7 = y k C x 2 x 2 Cxfxi C 
y k -ixiux 2 y k , or C 8 = y k+l Cxfxi Cy k xiuy k+1 , or C 9 = y k+1 Cx%x 2 Cxfxi Cy k xiu 
x 2 y k+ \. Each of these circuits contradicts the maximality of C. Thereby, y k +iXi G 
E(C(G)). 

Continue this process. If there are no subgraphs in {G?}i<i<m isomorphic to Z 2 , 
we finally get x\x 2 + G E(C(G)). But then there is a circuit C w = x\ C x 2 + x\ux 2 x 2 
Cxfxi in (7(G). Also contradicts the maximality of C in C(G). Therefore, there 
must be an integer r, 1 < r < m such that G r = Z 2 . 

Similarly, let x 2 C xf = x 2 z^z 2 ■ ■ ■ z t x{ , where t = \V(x 2 Cxi)\ — 2, z 0 = 
x 2 i z f + — x 2 , z t = ^i~ + - We can also construct an induced subgraph sequence 
{G l }i<i<t and know that there exists an integer h, 1 < h < t such that G h = Z 2 and 
x 2 Zi G E(C(G )) for 0 < i < h ~ 1. 

Since the localized condition D L ( 2) holds for an induced subgraph Z 2 in G(G), 
we get that max{p C (G){u), Pc(G)(y r - 1)} > f and max{p C (G)(u), p C {G)(zh- 1)} > f- 
Whence pc(G){Ur- 1) > f , Pc(G)( z h- 1) > f and y r _iz h _i G E(C(G)). But then there 
is a circuit 



C11 = y r -\Cx\x 2 C z h - 2 x 2 uxiy r - 2 C x 1 x\ C z h -iy r -i 

in G(G), where if h = 1 , or r = 1 , x 2 C z k -2 = 0, or y r _ 2 Cx\ = 0. Also contradicts 
the maximality of C in C(G). 

Case 2 ^{aq , x u xf, M) p AT 1.3, ({add ar 2 , a#, u 2 }) = Ad. 3 or ({aq~, aq, xf, «i}) = 

Ah .3, ({ad,a;2,a£,u 2 }) ^ iC L3 

Not loss of generality, we assume that ^{a?f, x i, x f , wi}^) ^ Ad. 3, ({x 2 ,x 2 , x 2 , u 2 
= Ad. 3. Since each induced subgraph Ad. 3 in C(G) possesses Dl(2), we get that 
max{p C (G)(u), Pc(G)( x 2)} > f and max{p C (G)(u), Pc(G)( x t)} > f- Whence p C (G) {x 2 ) 
> |, Pc(G)( x 2 ) A f and x 2 x 2 G A(G(G)). Therefore, the discussion of Case 1 also 
holds in this case and yields similar contradictions. 

Combining Case 1 with Case 2, the proof is complete. tj 
Let G, Fi,F 2 , •••, F k be k + 1 graphs. If there are no induced subgraphs of 
G isomorphic to 1 < i < k, then G is called {id, F 2 , ■ ■ ■ , F k }-free. we get a 
immediately consequence by Theorem 2.1.10. 

Corollary 2.1.1 Every 2-connected {Ad. 3, Z 2 }-free graph is Hamiltonian. 
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Let G be a graph. For Vu £ V ( G ), pc(u) = d, let H be a graph with d pendent 
vertices V\, v 2 , • • • , v d . Define a splitting operator i? : G — > G^D on u by 



C(G' , <“>) = (C(G) \ {«}) U(C(Jf ) \ {fi, v 2 , • ■ • , «„}), 



E(G^ u) ) = (E(G) \ {uxi e E(G), 1 <i <d}) 

U ( E(H ) \ {viHi e E(H), 1 <i< d})\J{xii/i, 1 < i < d}. 

We call d the degree of the splitting operator d and N(d(u)) = H \ {xiyi, 1 < i < d} 
the nucleus of {) . A splitting operator is shown in Fig. 2. 8. 



Fig, 2.9 

Erdos and Renyi raised a question in 1961 ( [7]): in what model of random graphs 
is it true that almost every graph is hamiltonian? Posa and Korshuuov proved 
independently that for some constant c almost every labelled graph with n vertices 
and at least nlogn edges is hamiltonian in 1974. Contrasting this probabilistic 
result, there is another property for hamiltonian graphs, i.e., there is a splitting 
operator {) such that is non-hamiltonian for Vw G V ( G ) of a graph G. 

Theorem 2.1.11 Let G be a graph. For Vu G V(G), Pg(u) = d, there exists a 
splittmg operator '(} of degree d on u such that G is non-hamiltonian. 

Proof For any positive integer i, define a simple graph O; by V (©«) = {xi, yi, Zi, 
Ui} and E(Q.j) = {xiyi, XiZi, yiZi, yiUi, ZiUi}. For integers Vi, j > 1, the point product 
0, © Qj of 0j and Qj is defined by 

y(0 i ©0 i ) = m)U^(0i)\( w i}, 

E(Gi © Qj) = E(@i) y E(Qj) U {xiVj, x^} \ {xpy^ XjZj}. 

Now let Hd be a simple graph with 



V{H d ) = V(Q 1 © 0 2 © • • ■ 0 d+1 ) [j{v 1 ,v 2 , • • • , v d }, 



E{H d ) = E(Q i 0 0 2 © • • ■ 0d+i) \J{viUi,v 2 u 2 , ■ ■ ■ ,v d u d }. 
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Then & : G -»• G^ is a splitting operator of degree d as shown in Fig. 2. 10. 



Fig 2.10 

For any graph G and w G V(G),pa(w) = d, we prove that G is non- 
hamiltonian. In fact, If G' l) ( w> is a hamiltonian graph, then there must be a hamilto- 
nian path Piu^Uj) connecting two vertices Ui,Uj for some integers i, j, 1 < i, j < d 
in the graph H d \ {rq, u 2 , • • • , v f ]\. However, there are no hamiltonian path connect- 
ing vertices u *, Uj in the graph Hd \ {tq, u 2 , • • • , v c i} for any integer i,j, 1 < i, j < d. 
Therefore, G 9 ^ is non-hamiltonian. tj 

2.1.3. Classes of graphs with decomposition 

(1) Typical classes of graphs 
Cl. Bouquets and Dipoles 

In graphs, two simple cases is these graphs with one or two vertices, which are just 
bouquets or dipoles. A graph B n = (Vj,, E b, A) with V b = { O }, E b = {ei, e 2 , • • • , e n } 
and I b { ei ) = ( O , O ) for any integer i, 1 < i < n is called a bouquet of n edges. 

Similarly, a graph D s i t = (V^E^Id) is called a dipole if Vd = {0i,0 2 }, Ed = 

{ei, e 2 , • • • , e s , e s+ i, • • • , e s +z, e s+ / + i, • • • , e s+ ;_|_t} and 

f (Oi,Oi), if 1 < i < s, 

hipi) = < (Oi,0 2 ), if s + 1 < i < s + l, 

[_ (0 2 , 0 2 ), if s + / + l<f<s + / + f. 

For example, H3 and D 2 j 3 j2 are shown in Fig.2.11. 



Fig 2.11 
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In the past two decades, the behavior of bouquets on surfaces fascinated many 
mathematicians. A typical example for its application to mathematics is the classi- 
fication theorem of surfaces. By a combinatorial view, these connected sums of tori, 
or these connected sums of projective planes used in this theorem are just bouquets 
on surfaces. In Section 2.4, we will use them to construct completed multi-spaces. 

C2. Complete graphs 

A complete graph K n = (V C ,E C ;I C ) is a simple graph with V c = {iq, v 2 , • • • , v n }, 
E c = {eij, 1 < i,j < n,i ^ j} and / c (e^) = (ig, Vj). Since K n is simple, it can be also 
defined by a pair (Vj E) with V = {tq, v 2 , • • • , v n } and E = {igvj, 1 < i, j < n,i ^ j}. 
The one edge graph K 2 and the triangle graph AA are both complete graphs. 

A complete subgraph in a graph is called a clique. Obviously, every graph is a 
union of its cliques. 

C3. r-Partite graphs 

A simple graph G = (V, E\ I ) is r-partite for an integer r > 1 if it is possible to 
partition V into r subsets Vj, V 2 , • • • , Vj. such that for Ve G E , /(e) = ( Vi,Vj ) for 
Vj, G 1 /i, Vj G Vj and i ^ j, 1 < i, j < r. Notice that by dehnition, there are no edges 
between vertices of Vj, 1 < i < r. A vertex subset of this kind in a graph is called 
an independent vertex subset. 

For n — 2, a 2-partite graph is also called a bipartite graph. It can be shown 
that a graph is bipartite if and only if there are no odd circuits in this graph. As a 
consequence, a tree or a forest is a bipartite graph since they are circuit-free. 

Let G = ( V,E]I ) be an r-partite graph and let Vj , Vj ,v- ■ ■ ,V r be its r-partite 
vertex subsets. If there is an edge G E for Viy G Vj and V'tq- G Vj, where 
1 < i,j < r,i j such that /(e) = ( Vi,Vj ), then we call G a complete r-partite 
graph , denoted by G = iV(|Vj|, \ Vf\, • ■ * , |Vj|). Whence, a complete graph is just a 
complete 1-partite graph. For an integer n, the complete bipartite graph K(n, 1) is 
called a star. For a graph G, we have an obvious formula shown in the following, 
which corresponds to the neighborhood decomposition in topology. 

E{G)= |J E g (x,N g (x)). 

xeV(G) 



C4. Regular graphs 

A graph G is regular of valency k if pc(u) = k for Wu G V ( G ). These graphs are also 
called k-regular. There 3-regular graphs are referred to as cubic graphs. A /-regular 
vertex-spanning subgraph of a graph G is also called a k- factor of G. 

For a /-regular graph G, since k\V(G)\ = 2\E(G)\, thereby one of / and |y(G)| 
must be an even number, i.e., there are no /-regular graphs of odd order with 
/ = l(mod2). A complete graph K n is (n — l)-regular and a complete s-partite 
graph K(pi,p 2 , ■ ■ ■ ,p s ) of order n with Pi = p 2 = • • • = p s = p is (n — p)-regular. 
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In regular graphs, those of simple graphs with high symmetry are particularly 
important to mathematics. They are related combinatorics with group theory and 
crystal geometry. We briefly introduce them in the following. 

Let G be a simple graph and H a subgroup of AutG. G is said to be H -vertex 
transitive , H-edge transitive or H -symmetric if H acts transitively on the vertex set 
V(G), the edge set E(G) or the set of ordered adjacent pairs of vertex of G. If 
H = AutG, an //-vertex transitive, an //-edge transitive or an //-symmetric graph 
is abbreviated to a vertex-transitive , an edge-transitive or a symmetric graph. 

Now let T be a finite generated group and ACT such that lr fL S and S ' -1 = 
G S} = S. A Cayley graph CayiT : S) is a simple graph with vertex set 
V(G) = T and edge set E(G) = {(<?, h)|g _1 /i G S}. By the definition of Cayley 
graphs, we know that a Cayley graph CayiT : S) is complete if and only if S = 
T \ {lr} and connected if and only if T — ( S ). 

Theorem 2.1.12 A Cayley graph CayiT : S) is vertex-transitive. 

Proof For Mg G T, define a permutation ( g on V (Cay(r : S )) = T by ( g (h ) = 
gh 7 h G T. Then ( g is an automorphism of Cay(r : S ) for (h, k ) G ZZ(Cay(r : S )) 
h~ l k es^ {gh)-\gk ) es^ Cg(k)) e A(Cay(r : S)). 

Now we know that Ckh- 1 ^) — ( kh~ l )h = k for V/i, k G T. Whence, Cay(r : S) is 
vertex-transitive. t] 

Not every vertex-transitive graph is a Cayley graph of a finite group. For exam- 
ple, the Petersen graph is vertex-transitive but not a Cayley graph(see [10], [21]] and 
[110] for details). However, every vertex-transitive graph can be constructed almost 
like a Cayley graph. This result is due to Sabidussi in 1964. The readers can see 
[110] for a complete proof of this result. 

Theorem 2.1.13 Let G be a vertex-transitive graph whose automorphism group is 
A. Let H = Ab be the stabilizer ofbE V(G). Then G is isomorphic with the group- 
coset graph C{A/H, S), where S is the set of all automorphisms x of G such that 
(b,x(b)) G E{G), V(C(A/H,S )) = A/H and E(C(A/H,S )) = {(xH, yH)\x~ l y G 
HSH}. 

C5. Planar graphs 

Every graph is drawn on the plane. A graph is planar if it can be drawn on the 
plane in such a way that edges are disjoint expect possibly for endpoints. When 
we remove vertices and edges of a planar graph G from the plane, each remained 
connected region is called a face of G. The length of the boundary of a face is called 
its valency. Two planar graphs are shown in Fig. 2. 12. 
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Fig 2.12 

For a planar graph G, its order, size and number of faces are related by a well- 
known formula discovered by Euler. 

Theorem 2.1.14 let G be a planar graph with 0(G) faces. Then 

|G| -e(G) + 0(G) = 2. 

Proof We can prove this result by employing induction on e(G). See [42] or 
[23], [69] for a complete proof. t| 

For an integer s, s > 3, an s-regular planar graph with the same length r for 
all faces is often called an (spr) -polyhedron, which are completely classified by the 
ancient Greeks. 

Theorem 2.1.15 There are exactly five polyhedrons, two of them are shown in 
Fig. 2. 12, the others are shown in Fig.2.13. 



Fig 2.13 



Proof Let G be a /e-regular planar graph with l faces, 
that \G\k = 0(G)/ = 2 e(G). Whence, we get that |G| = 
According to Theorem 2.1.14, we get that 



By definition, we know 
and 0(G) = 



2 s(G) f ^ 2 s(G) 

— e(G) + — — 



2 . 



i.e., 



21 




£ ( G ) - 2 I , 2 ' 

fc 1 l 

Whence, | + | — 1 > 0. Since k, l are both integers and k > 3, l > 3, if k > 6, we 
get 



2 

k 



2^22 
7 _ “ 3 + 6 



0 . 



Contradicts that | + f — 1 > 0. Therefore, k < 5. Similarly, l < 5. So we have 
3 < k < 5 and 3 < l < 5. Calculation shows that all possibilities for (k, l ) are 
(A:, l) = (3, 3), (3, 4), (3, 5), (4, 3) and (5,3). The (3,3) and (3,4) polyhedrons have 
be shown in Fig. 2. 12 and the remainder (3, 5), (4, 3) and (5, 3) polyhedrons are shown 
in Fig. 2. 13. t] 

An elementary subdivision on a graph G is a graph obtained from G replacing 
an edge e = uv by a path uwv , where, w V(G). A subdivision of G is a graph 
obtained from G by a succession of elementary subdivision. A graph H is defined 
to be a homeomorphism of G if either H = G or H is isomorphic to a subdivision of 
G. Kuratowski found the following characterization for planar graphs in 1930. For 
its a complete proof, see [9], [11] for details. 



Theorem 2.1.16 A graph is planar if and only if it contains no subgraph homeo- 
morphic with K 5 or K(3, 3). 



(2) Decomposition of graphs 

A complete graph A" 6 with vertex set {1, 2, 3, 4, 5, 6} has two families of subgraphs 
{Cg, C'.], C'f , Pf 1 P21 ^ 2 } an d {<S'i.5, S1.4, A1.3, 5*1.2, 5i.i}, such as those shown in Fig. 2. 14 
and Fig.2.15. 



Fig 2.14 
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Fig 2.15 
We know that 

E(K fj ) = E(C e ) |J E(Cl ) |J E(Cl) |J E(P}) (J B(P|) (J B(P|); 



E(IQ) = P(S l5 HJP(Sl4)U e (' S 'u)U b (' S 'i.2)U £) ( s i..)- 

These formulae imply the conception of decomposition of graphs. For a graph G, 
a decomposition of G is a collection {Hf} i<i< s of subgraphs of G such that for any 
integer i, 1 < i < s, Hi = (Ei) for some subsets Ei of E[G) and {Ei}i<i< s is a 
partition of E(G), denoted by G = H\® H 2 @ ■ ■ -®H S . The following result is 
obvious. 

Theorem 2.1.17 Any graph G can be decomposed to bouquets and dipoles, in where 
K ‘2 is seen as a dipole Zlo.i.o- 

Theorem 2.1.18 For every positive integer n, the complete graph K 2n +i can be 
decomposed to n hamiltonian circuits. 

Proof For n = 1, K 3 is just a hamiltonian circuit. Now let n > 2 and V (K 2n + i) = 
{u 0 , Vi, v 2 , ■ ■ ■ , v 2 n } • Arrange these vertices v 2 , ■ • • , v 2n on vertices of a regular 2 n- 
gon and place v 0 in a convenient position not in the 2n-gon. For i = 1,2, ■■■ ,n, we 
define the edge set of Hj to be consisted of v 0 Vi,v 0 v n+i and edges parallel to i’iV i+ 1 
or edges parallel to Vi-iiy+i, where the subscripts are expressed modulo 2 n. Then 
we get that 



K‘2n + 1 ~ H\ ^ H 2 ^ ^ H n 

with each H^,! < i < n being a hamiltonian circuit 



LH) ViVj+ 1 V{— | | Cj—2 ' ' ' ^n+i-l^n+i+l^n+i^O' \ 

Every Cayley graph of a finite group T can be decomposed into 1-factors or 
2-factors in a natural way as stated in the following theorems. 
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Theorem 2.1.19 Let G be a vertex-transitive graph and let H be a regular subgroup 
of AutG'. Then for any chosen vertex x, x G V(G), there is a factorization 

G = ( © ©</)")©( © ©</)"), 

y&N a {x),\H {xy) \=l y£N G (x),\H (xy) \=2 

for G such that (x,y) H is a 2-factor if \H^ y )\ = 1 and a 1-factor if \H( x<y )\ = 2. 

Proof First, We prove the following claims. 

Claim 1 Vs 6 V(G),x H = V(G) and H x — 1 H . 

Claim 2 For V(x, y), (u, w) G E(G), (x, y) H f|(«, w) H = 0 or (x, y) H = (u, w) H . 

Claims 1 and 2 are holden by definition. 

Claim 3 ForW(x,y) G E(G), \H^ x>y ^\ = 1 or 2. 

Assume that \H^ X ^\ ^ 1. Since we know that (x,y) h = (x,y), i.e., (. x h ,y h ) = 
(x, y) for any element h G H^ x y y Thereby we get that x h — x and y h = y or x h = y 
and y h = x. For the first case we know h — 1h by Claim 1. For the second, we get 
that x h = x. Therefore, h 2 — 1h ■ 

Now if there exists an element g G H^ x ^\{1h, h}, then we get x 9 = y = x h and 
y 9 = x = y h . Thereby we get g — h by Claim 1, a contradiction. So we get that 
\H(x,y)\ = 2 - 

Claim 4 For any (x,y) G E(G), if \H^ y )\ = l, then (x,y) H is a 2-factor. 

Because x H = V(G) C V{((x,y) H '^) C V(G), so V(^(x,y) H ^) = V(G). There- 
fore, ( x,y) H is a spanning subgraph of G. 

Since FI acting on V(G) is transitive, there exists an element h G H such that 
x h = y. It is obvious that o(h) is finite and o(h) ^ 2. Otherwise, we have | H( x , y )\ > 
2, a contradiction. Now (x,y)^ = xx h x h2 ■ ■ ■ x h ° (h) X x is a circuit in the graph 

S 

G. Consider the right coset decomposition of H on (h). Suppose H = [j (h) ai, 

i= 1 

( h ) aj. p| (h) aj — 0, if i ^ j, and a\ = 1#. 

Now let X = {ai, a 2 , •••, a s }. We know that for any a, b G X, ((h) a) f]((h) b) = 0 
if a / 5. Since (x,yY h 1 a = ((x,y)^) a and (x^y)^ = (( x,y) ( ' h ' ) ) b are also circuits, 
if V(^(x, nV(^(x, y)^^) Y 0 for some a, b G X, a Y b, then there must 

be two elements /, g G ( h ) such that x 9a = x 9b . According to Claim 1, we get 
that fa = gb , that is ab l G (, h ). So (h) a = (h)b and a — b, contradicts to the 
assumption that a ^ b. 

Thereafter we know that (x,y) H = [J (x, y) {h)a is a disjoint union of circuits. 

aex 

So (x, y) H is a 2-factor of the graph G. 

Claim 5 For any (x,y) G E(G), (x,y) H is an 1-factor if \H^ X ^\ = 2. 
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Similar to the proof of Claim 4, we know that V((^(x,y) H ^) = V(G) and (x,y) H 
is a spanning subgraph of the graph G. 

Let H {XiV) = {1 H,h}, where x h = y and y h = x. Notice that ( x,y) a = (x,y) 
for Va G Consider the coset decomposition of H on H( xy y we know that 

t 

H = U H{ x , y )bi , where IL r.y Jcf] Ih v.y-b.i = 0 if * ^ j, 1 < C j < t. Now let 

i = 1 

L = {H( Xj y)bi, 1 < i < t}. We get a decomposition 

(x,y) H = U ( x ^) 6 

beL 

for (x, y) H . Notice that if b = H^^bj G L, (. x , y) b is an edge of G. Now if there exist 
two elements c, d G L, c = and d = H( XtV )g, f g such that V(((x, y) c )) fl 

V(^(x,y) d ^) 0, there must be x? = x 9 or x? = y 9 . If x? = x 9 , we get f — g 

by Claim 1, contradicts to the assumption that f g. If x* = y 9 = x h9 , where 
h G H (x>y ) , we get / = hg and fg G H^ y y so H^ y) f = H (x ^g. According to 
the definition of L , we get f — g, also contradicts to the assumption that f ^ g. 
Therefore, (x,y) H is an 1-factor of the graph G. 

Now we can prove the assertion in this theorem. According to Claim 1- Claim 
4, we get that 

G=( ® (*,</)")©( ® (x,y) H ). 

y£N G {x),\H( Xt y)\ = l y£N G {x),\H( x ^\=2 

for any chosen vertex x,x G V(G). By Claims 5 and 6, we know that (x,y) H is 
a 2-factor if \H( x>y )\ = 1 and is a 1-factor if \H( x>y )\ = 2. Whence, the desired 
factorization for G is obtained. t| 

Now for a Cayley graph Cay(T : S'), by Theorem 2.1.13, we can always choose 
the vertex x — If and H the right regular transformation group on T. After then, 
Theorem 2.1.19 can be restated as follows. 

Theorem 2.1.20 Let T be a finite group with a subset S', S' -1 = S, lr ^ S and H 
is the right transformation group on T. Then there is a factorization 

G = ( © (lr, ■s)' ff )©( © (lr,-s) H ) 

seS,s 2 ^lr sSS,s 2 =lr 

for the Cayley graph Cay(T : S') such that (1 r,s) H is a 2-factor if s 2 lr and 
1- factor if s 2 = lr- 

Proof For any h G H(i r S y if h lr, then we get that \yh = s and sh = lr, that 
is s 2 = lr- According to Theorem 2.1.19, we get the factorization for the Cayley 
graph Cay(T : S'). t| 

More factorial properties for Cayley graphs of a finite group can be found in the 
reference [51]. 
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2.1.4. Operations on graphs 

For two given graphs G\ = ( V\.E\, I 4 ) and G 2 = (V 2 , E 2 \ I 2 ), there are a number of 
ways to produce new graphs from G\ and G 2 . Some of them are described in the 
following. 

Operation 1. Union 

The union G\ U G 2 of graphs G\ and G 2 is defined by 



V(G 1 [jG 2 ) = UlJU, E{G 4 [jG 2 ) = E 1 \jE 2 and /(Ad |J £2) = /i^OUW- 

If a graph consists of k disjoint copies of a graph H, k > 1, then we write G = kH. 

5 

Therefore, we get that K 6 = C 6 U 3A' 2 U 2/l 3 = U for graphs in Fig.2.14 and 

2—1 

n— 1 

Fig. 2. 15 and generally, Ji n = |J S\,i. For an integer k, k > 2 and a simple graph G, 

2—1 

kG is a multigraph with edge multiple k by definition. 

By the definition of a union of two graphs, we get decompositions for some 
well-known graphs such as 

n k m n 

B n =\jB 1 (o), zv™,» = (U b i(0i))U(U a uU(U b i(02)), 

2—1 2—1 2 — 1 2—1 

where = {Oi}, V(E>i)(0 2 ) = {O 2 } and V(K 2 ) = {0i,02}. By Theorem 

1.18, we get that 

n 

K 2n+ i = U Hi 
2=1 

with Hi = v 0 ViV i+1 Vi-iVi +1 Vi- 2 ■ ■ ■ v n+i ^iv n+i+1 v n+i v 0 . 

In Fig. 2. 16, we show two graphs C§ and K 4 with a nonempty intersection and 
their union C§\JK 4 . 



Fig 2. 16 

Operation 2. Join 
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The complement G of a graph G is a graph with the vertex set V (G) such that two 
vertices are adjacent in G if and only if these vertices are not adjacent in G. The 
join G\ + G 2 of G\ and G 2 is defined by 

V (Gi + G 2 ) = V (Gi) [J V (G 2 ), 

E(G ! + G 2 ) = E(G 1 )\JE(G 2 ) U((«,u)|w G ViG^v G V(G 2 )} 

and 



I{G 1 + G 2 ) = I(Gi) |J I{G 2 ) IJ {I{u, v) = {u, v ) | u G ViG^v G V{G 2 )}. 

Using this operation, we can represent K(m,n ) = K rn + K n . The join graph of 
circuits C 3 and C 4 is given in Fig. 2. 17. 



Fig 2.17 

Operation 3. Cartesian product 

The cartesian product G\ x G 2 of graphs G\ and G 2 is defined by V (G 1 x G 2 ) = 
V(Gi) x V(G 2 ) and two vertices (ui,u 2 ) and (vi,v 2 ) of G\ x G 2 are adjacent if and 
only if either U\ = V\ and (u 2 ,v 2 ) G E{G 2 ) or u 2 = v 2 and (ui,Vi) G E{G 1). 

For example, the cartesian product C3 x C3 of circuits C3 and C3 is shown in 
Fig. 2. 18. 



Fig 2.18 
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§2.2 Multi-Voltage Graphs 



There is a convenient way for constructing a covering space of a graph G in topologi- 
cal graph theory, i.e., by a voltage graph (G, a) of G which was firstly introduced by 
Gustin in 1963 and then generalized by Gross in 1974. Youngs extensively used volt- 
age graphs in proving Heawood map coloring theorem([23]). Today, it has become 
a convenient way for finding regular maps on surface. In this section, we generalize 
voltage graphs to two types of multi- voltage graphs by using finite multi-groups. 

2.2.1. Type 1 

~ n ~ 

Definition 2.2.1 Let T = (J T* be a finite multi-group with an operation set O(T) = 

1=1 

{°i|l < i < n} and G a graph. If there is a mapping if : Xi (G) — > T such that 
if(e~ l ) = (^(e" 1 "))^ 1 for\/e + G Xi(G), then ( G,if ) is called a multi-voltage graph of 
type 1. 

Geometrically, a multi- voltage graph is nothing but a weighted graph with weights 
in a multi-group. Similar to voltage graphs, the importance of a multi-voltage graph 
is in its lifting defined in the next definition. 

Definition 2.2.2 For a multi-voltage graph ( G,if ) of type 1, the lifting graph G^ = 
(V(G^), E(G^); I(G^)) of (G,if) is defined by 

V(G*) = V(G) x f , 

E(G' P ) = {{u a ,v aob )\e + = (u,v) G Xi(G),if(e + ) = b,aob ef} 

and 

I(G v ’) = {(u a ,v a ob)\I( e ) = (u ai v aob ) if e— (i u a ,v aob ) € E(G^)}. 

For abbreviation, a vertex (x,g) in G ^ is denoted by x g . Now for Vv e V(G), 
v x T = {v g \g G T} is called a fiber over v, denoted by F v . Similarly, for Ve + = 
(u,v) G Xi(G) with if(e + ) = b , all edges {(u g , v gob )\g, g o b G f 1 } is called the fiber 
over e, denoted by F e . 

For a multi- voltage graph ( G,if ) and its lifting G^, there is a natural projection 
p : G ^ — > G defined by p(F v ) = v for Vu G V(G). It can be verfied that p(F e ) = e 
for Ve G E(G). 

Choose f = riljr 2 with Ti = {l,a,a 2 }, T 2 = {1,6, b 2 } and a b. A multi- 
voltage graph and its lifting are shown in Fig.2.19. 




Fig 2.19 

~ n 

Let T = U T, be a finite multi-group with groups (Tj;oj),l < % < n. Similar 

i = 1 

to the unique walk lifting theorem for voltage graphs, we know the following walk 
multi-lifting theorem for multi- voltage graphs of type 1. 

Theorem 2.2.1 Let W = e 1 e 2 • • • e k be a walk in a multi-voltage graph (G, -0) with 
initial vertex u. Then there exists a lifting start at u a in G ^ if and only if there 
are integers ii, i 2 , • • • , ik such that 

a °ii o i2 ■ ■ ■ 0ij l -0(e+) G r ij+1 and ^(e+ +1 ) G T ij+1 

for any integer j, 1 < j < k 

Proof Consider the first semi-arc in the walk W, i.e., e\. Each lifting of e 1 must 
be (u a , u ao1 p( e +j). Whence, there is a lifting of e\ in if and only if there exists an 
integer A such that o = o n and a, a o n G 

Now if we have proved there is a lifting of a sub-walk liq = eie 2 • • -e/ in if 
and only if there are integers ii, ii, • • * > h, 1 < l < k such that 

a o*i °i 2 • • • °ij-i ^(e+) G T ij+1 , ip(e~j +1 ) G T ij+1 

for any integer j, 1 < j < l, we consider the semi-arc ef +l . By definition, there is 
a lifting of ef +1 in G p> with initial vertex u ao , ^ e +) Qi ... Q . 1 p( e + ) d an d only if there 
exists an integer fi + i such that 

a 'if(ef) o i2 • • • o ii _ 1 'if(ef) G T l+1 and if(ef +1 ) G T i+1 . 

According to the induction principle, we know that there exists a lifting W ^ 
start at u a in G ,p if and only if there are integers i\ ,i 2 , • • • , ik such that 

a °h H e i) °*2 ■■ ■ °ij- 1 e t ) e r h+i> and e t+i ) e r h+i 

for any integer j, 1 < j < k. t| 

For two elements g,h G r, if there exist integers ii, i 2 , • • • , ifc such that g,h G 

k k+l 

n r\. but for Vi fc+ 1 G {1, 2, • • • , n] \ • • • , ik}, g,h fL f| r ij: we call k = fl [g, h] 

l=i i=i 
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the joint number of g and h. Denote 0(g, h ) = {o i ; 1 < j < k}. Define II [g , h] = 
II [g,g o h], where II [g,g o h] = n[g o h,h] — 0 if g o h does not exist in f. 

°eO(F) 

According to Theorem 2.2.1, we get an upper bound for the number of liftings in 
G V for a walk W in (G, 0). 

Corollary 2.2.1 If those conditions in Theorem 2.2.1 hold, the number of liftings 
of W with initial vertex u a in G ^ is not in excess of 



Il[a,ip(ef)] x 

k 

II H ••• I] n[ao 1 ^(e+)o 2 ..-o i ^(e+),^(e+ 1 )], 

o i GO (a, ip (ef)) °i&0(a-,oj ,ip(ef),l<j<i~l) 

where 0(a ; Op0(e+), 1 < j < i - 1) = 0(a o 1 0(ef) o 2 • • • 0(e+ i), 0(ef)). 

The natural projection of a multi-voltage graph is not regular in general. For 
finding a regular covering of a graph, a typical class of multi- voltage graphs is the 

~ n 

case of T,; = T for any integer i, 1 < i < n in these multi-groups T = U h- In this 

i= 1 

case, we can find the exact number of liftings in G ^ for a walk in (G, 0). 

~ n 

Theorem 2.2.2 Let T = |J T be a finite multi- group with groups (T; o0, 1 < i < n 

i= 1 

and let W = e 1 e 2 ■ ■ ■ e k be a walk in a multi-voltage graph (G,fi) , -0 : Xi (G) — > T 
of type 1 with initial vertex u. Then there are n k liftings of W in G ^ with initial 
vertex u a for Vo G T. 

Proof The existence of lifting of W in G ^ is obvious by Theorem 2.2.1. Consider 
the semi-arc ef. Since T* = T for 1 < i < n, we know that there are n liftings of e\ 
in G ^ with initial vertex u a for any a G T, each with a form ( u a , u ao ^^ e +^ ),°GO(T). 

Now if we have gotten n s , 1 < s < k — 1 liftings in for a sub-walk W s = 
e 1 e 2 ■ ■ - e s . Consider the semi-arc ef +l . By definition we know that there are also n 
liftings of e s+ \ in G^ with initial vertex « o0ii ^ (e + )oi2 ... o ^ (e + )J where o, g 0(f), 1 < 
i < s. Whence, there are n s+1 liftings in G ^ for a sub-walk IF S = e 1 e 2 • • • e s+1 in 

(O;0). 

By the induction principle, we know the assertion is true. t| 

Corollary 2.2.2([23]) Let W be a walk in a voltage graph (G, 0),0 : Xi (G) — > T 
with initial vertex u. Then there is an unique lifting ofW in G ^ with initial vertex 
u a for Va G T . 

If a lifting W ^ of a multi-voltage graph (G, 0) is the same as the lifting of a 
voltage graph ( G,a),a : AA(G) — > T,;, then this lifting is called a homogeneous 
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lifting of T,. For lifting a circuit in a multi- voltage graph, we get the following 
result. 

~ n 

Theorem 2.2.3 Let V = U V be a finite multi-group with groups (T; Oj), 1 < i < n, 

2=1 

C = UiU 2 ---u m Ui a circuit in a multi-voltage graph (G,if) and if : Xi (G) — > T. 
Then there are o ^|^ o ^ homogenous liftings of length of))m in G ^ of C for 

any integer i, 1 < i < n, where f>(C, of) = ip(ui,U 2 )o i ip(u 2 ,u 3 ,)o i - ■ ■o i ip(u m ^i,u m ) o* 
if(u m ,ui) and there are 



n |p| 

§ o(il>(C,Oi)) 

homogenous liftings of C in G ^ altogether. 

Proof According to Theorem 2.2.2, there arc liftings with initial vertex {u\) a of 
C in G ^ for Va € T. Whence, for any integer i, 1 < % < n, walks 



hh a (Ul) 0 ,(^ 2 ) 0,0^(111,112) ' ‘ ' ( u m)ao i ' 4 >(ui,U 2 )o i ...o i il>(um-l,Um)( U l)ao i 'il>(C,o i )i 



kF ao ^(C',o i ) — {U\) a0i il;(C,o i )(u2)ao i 'tp(C,o i )o i il>(ui,U2) 

( u m)ao i ip(C,o i )o i il>(ui,U2)oi---o i '4>(u m— 1 i' t ^m ) { u l)aoiip 2 (C,Oi)i 



and 



^ / ao^°W( c '’°<))- 1 (C , ,oP — ( U l)ao i ip°W( C ’ 0 i))- 1 (C,o i ){ U y a o i il> 0 <.'l’<. c <°i'>'>- 1 (C,o i )o i 'il>(ui,U2) 

( U ™)a 0 j)/l <> (’ , ’( C ’ O i))"l(C, 0 i) 0 i)/l(« 1 ,« 2 ) 0 i- 0 i)/l(«m_ 1 ,Mra) { U l)a 

are attached end-to-end to form a circuit of length o(^(C, o f))m. Notice that there 
are left cosets of the cyclic group generated by if(C, of) in the group (T, of) 

and each is correspondent with a homogenous lifting of C in G^. Therefore, we get 

n |p| 

§ o(i/>(C,of)) 

homogenous liftings of C in G'f t| 

Corollary 2.2.3([23]) Let C be a k-circuit in a voltage graph (G,tf) such that 
the order of ip(C, o) is m in the voltage group (T; o). Then each component of the 
preimage p~ l {C) is a km-circuit, and there are — such components. 
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The lifting G of a multi-voltage graph (G, () of type 1 has a natural decompo- 
sition described in the next result. 

~ n 

Theorem 2.2.4 Let ( G , C), C : Xi(G) — > T = U Y l; be a multi-voltage graph of type 

2 i = 1 

1. Then 

n 

G C = ©«, 

i = 1 

where Hi is an induced subgraph (E t ) of G^ for an integer i, 1 < i < n with 
Ei = {{u a ,v a0ib )\a,b G Ti and (u,v) G E(G), ((u,v) = b}. 

~ n _ 

For a finite multi-group T = |J T* with an operation set O(T) = {oj, 1 < % < n} 

1=1 

n 

and a graph G, if there exists a decomposition G = © H \ and we can associate 

j = i 

each element fp G T, a homeomorphism <p g . on the vertex set V (Hi) for any integer 
i, 1 < i < n such that 

(i) TgiOiK = Tgi x Tk for all g^ hi G Tj, where x is an operation between 
homeomorphisms; 

iii) (p 9i is the identity homeomorphism if and only if g.i is the identity element 
of the group (r*; Oj), 

then we say this association to be a subaction of a multi-group Y on the graph G. 
If there exists a subaction of Y on G such that <p gi {u ) = u only if g t = lr ; for any 
integer i, 1 < i < n, gi G T* and u G Vi, then we call it a fixed-free subaction. 

A left subaction l A of f on G ^ is defined as follows: 

For any integer i,l < i < n, let Vi = {u a \u G V(G ), a G f 1 } and gi G T*. Define 
lA(gf)(u a ) = u gi o ia if a G V. Otherwise, gi(u a ) = u a . 

Then the following result holds. 

~ n 

Theorem 2.2.5 Let (G,if) be a multi-voltage graph with if : Xi(G) — > T = U fo 

2 i = i 

n 

and G = © Hi with Hi = (Ef), 1 < i < n, where Ei = {(u a , v a0ib ) |a, b G 

3 = 1 

T,; and ( u , v ) G E(G), (( u , v) = b}. Then for any integer i,l < i < n, 

{i) forWg.i G T, , the left subaction lA(g.i) is a fixed-free subaction of an automor- 
phism of Hi; 

(ii) Tj is an automorphism group of Hi. 

Proof Notice that lA(gi) is a one-to-one mapping on V(Hi ) for any integer 
i, 1 < i < n, \/gi G T*. By the definition of a lifting, an edge in H, has the form 
(u a ,v aQib ) if a, 6 G Y t . Whence, 

(lA(gi)(u a ), lA{gi)(v a0i h)) (rtgjOja) r’sjOjaojfe) £ E(Hf). 
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As a result, lA{gf) is an automorphism of the graph Hi. 

Notice that IA : r, : — » Aut Hi is an injection from T., to AutGA Since lA(gf) ^ 
lA(hi) for V.r/j , hi G T*, ^ hi, 1 < i < n. Otherwise, if lA(gi ) = lA(hi ) for Va G T*, 

then gi c>i a = hi o t a. Whence, gi = hi, a contradiction. Therefore, T* is an 
automorphism group of H 

For any integer i, 1 < i < n, gi G r, : , it is implied by definition that lA{gf) is a 
fixed- free subaction on G^. This completes the proof. t] 

Corollary 2.2.4([23]) Let ( G,a ) be a voltage graph with a : Xi(G) — * T. Then T 
is an automorphism group of G a . 

~ n ~ 

For a finite multi-group T = IJ Tj action on a graph G, the vertex orbit orb(v) 

i = 1 

of a vertex v G V{G) and the edge orbit orb(e) of an edge e G E(G) are defined as 
follows: 



orb(y ) = {g(v)\g G T} and orb(e) = {g(e)\g G T). 

The quotient graph G / f of G under the action of f is defined by 

V(G/f) = { orb(y) \ v G V(G)}, E(G/ f) = {orb(e)\e G E(G)} 

and 



I(orb(e )) = (orb(u), orb(v)) if there exists (u,v) G E(G) 
For example, a quotient graph is shown in Fig. 2. 20, where, f = Z 5 . 



Fig 2.20 



Then we get a necessary and sufficient condition for the lifting of a multi-voltage 
graph in next result. 



Theorem 2.2.6 If the subaction A of a finite multi-group V = Q r, : on a graph G = 



i= 1 



© Hi is fixed-free, then there is a multi-voltage graph (G/FX), ( : Xi(G/F) — > F 

i= 1 2 

of type 1 such that 



G ^ (G/r) f . 
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Proof First, we choose positive directions for edges of G/T and G so that the 
quotient map : G — > G/T is direction-preserving and that the action A of T on G 
preserves directions. Next, for any integer i, 1 < % < n and \/v e V(G/T), label one 
vertex of the orbit q~ ] (v) in G as q r , and for every group element g t e T,; , g t l r ., 

label the vertex ^4(g l i)(u lr .) as v 9i . Now if the edge e of G/T runs from u to w, we 
assigns the label e gi to the edge of the orbit qf/ (e) that originates at the vertex u 9i . 
Since Tj acts freely on Hi , there are just |r*| edges in the orbit qf/(e) for each integer 
i, 1 < i < n, one originating at each of the vertices in the vertex orbit gf 1 (u). Thus 
the choice of an edge to be labelled e 9i is unique for any integer i, 1 < i < n. Finally, 
if the terminal vertex of the edge ei r . is , one assigns a voltage h, to the edge e in 
the quotient G/T, which enables us to get a multi- voltage graph (G/f, £). To show 
that this labelling of edges in qf l (e) and the choice of voltages h i: 1 < i < n for the 
edge e really yields an isomorphism § : G —> ( G/T )^, one needs to show that for 
V Qi e r.j, 1 < i < n that the edge e 9i terminates at the vertex w gi0i h v However, since 
e 9i = A(gi)(e i r ), the terminal vertex of the edge e 9i must be the terminal vertex of 
the edge A(gi){e i r ), which is 



A{gi)(w hi ) = A{gi)A(hi)(wi r .) = A{gi o* hi)(w i r .) = w 9i 0ihi . 

Under this labelling process, the isomorphism d : G — > (G/T)^ identifies orbits in 
G with hbers of Gf Moreover, it is defined precisely so that the action of T on G 
is consistent with the left subaction IA on the lifting graph Gf This completes the 
proof. t] 

Corollary 2.2.5( [23] ) Let T be a group acting freely on a graph G and let G be 
the resulting quotient graph. Then there is an assignment a of voltages in T to the 
quotient graph G and a labelling of the vertices G by the elements of V ( G ) x T such 
that G = G a and that the given action ofT on G is the natural left action of T on 
G a . 

2.2.2. Type 2 

~ n 

Definition 2.2.3 Let T — (J T t be a finite multi-group mid let G be a graph with 

i = 1 

n 

vertices partition V(G) = U Vi. For any integers i,j, 1 < i,j < n, if there is 

1=1 

a mapping r : Xi((E G {Vi,Vj))) — > FifiTj and g : Uj — >■ r, : such that r(e _1 ) = 
(r(e + ))~ 1 for Ve + e Xi(G) and the vertex subset U is associated with the group 
(rj,Oj) for any integer i, 1 < i < n, then (G,r,g) is called a multi-voltage graph of 
type 2. 

Similar to multi- voltage graphs of type 1, we construct a lifting from a multi- 
voltage graph of type 2. 
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Definition 2.2.4 For a multi-voltage graph (G,r,q) of type 2, the lifting graph 
G ^ = {V{G^1), E(G^);I(G^)) of (G, r, q) is defined by 

n 

' , (G M ) = UWxr,}, 

i= 1 

E(G (T ’ ?) ) = {(u a: v aob )\e + = (u,v) E Xi (G),if(e + ) =b,aobef} 

and 



/(G (r ’ ?) ) = {(u a ,v aob )\I(e) = (u a ,v a ob ) if e = (■ u a ,v a ob ) e E(G (ts) )}. 

Two multi-voltage graphs of type 2 are shown on the left and their lifting on 
the right in (a) and (b) of Fig.21. In where, T = Z 2 U Z 3 , V\ = {«}, V 2 = {u} and 
<T : Vi Z 2 , g : V 2 — > Z 3 . 



Fig 2.21 

Theorem 2.2.7 Let (G,r,g) be a multi-voltage graph of type 2 and let W-fi = 
UiU 2 ■ ■ - Uk be a walk in G. Then there exists a lifting of IT Tv) w p} t an initial vertex 
( ui) a ,a E c -1 (wi) in G^’^ if and only if a E fl <7 _1 (u 2 ) and for any integer 

s, 1 < s < k, a o h t(uiU 2 ) °i 2 t(u 2 u 3 ) o i3 ■ ■ ■ o is l r(u s - 2 u s - i) E i) 

where o tj is an operation in the group s _1 (wj + i) for any integer j, 1 < j < s. 

Proof By the definition of the lifting of a multi- voltage graph of type 2, there 
exists a lifting of the edge u\u 2 in G (T,q) if and only if ao^r^iu-f) E < ^~ 1 (u 2 ), where o tj 
is an operation in the group Since r(uiu 2 ) E fK -1 ^), we get that 

a E <r -1 («i) Similarly, there exists a lifting of the subwalk W 2 = u 3 u 2 u 3 

in if and only if a E <^ _1 (ui) and a o h r{uiu 2 ) E ^~ l {u 2 ) 



35 




Now assume there exists a lifting of the subwalk W x = u 3 u 2 u 3 ■ ■ -ui in G^ T) ^ if 
and only if a o h t(uiU 2 ) °i 2 ••• o it _ 2 r(u t _ 2 Ut- 1 ) e ^Oh-i) f| for any in- 

teger t, 1 < t < l, whereoj is an operation in the group ^~ 1 (wj + i) for any integer 
j, 1 < j < l. We consider the lifting of the subwalk W x+ 1 = U\U 2 u 3 ■ ■ ■ Ui + \. No- 
tice that if there exists a lifting of the subwalk W x in G^ TS \ then the terminal 
vertex of W x in G (r ’ ?) is (M;)ao il r(« 1 u 2 )o i2 -o ii _ 1 r( U! _ 1 « i )- We only need to find a nec- 
essary and sufficient condition for existing a lifting of u x ui + i with an initial vertex 
(Mz)ao il T(uiu 2 )oi 2 ---oi i 1 T ( u i-i u i)- By definition, there exists such a lifting of the edge 
u x u l+ 1 if and only if (ao il r(u 1 u 2 )o i2 ■ ■ ■ o ij _ 1 )r(w / _iW / ))o i T(w / w /+1 ) G W^rp+i). Since 
t(uiUi + i) G by the definition of multi- voltage graphs of type 2, we know 

that a o h t(u\u 2 ) o i2 ■ ■ ■ o ii _ l t(ui-iUi) G ? _1 (u/ + 1 ). 

Continuing this process, we get the assertion of this theorem by the induction 
principle. t| 

n 

Corollary 2.2.7 Let G a graph with vertices partition V(G) = U b and, let (T; o) 

i= 1 

be a finite group, T* -< V for any integer i, 1 < i < n. If (G, r, q) is a multi-voltage 
graph with r : Xi (G) — > V and q : Vi — > T, for any integer i, 1 < i < n, then for a 
walk W in G with an initial vertex u, there exists a lifting in G with the 

initial vertex u a , a G if and only if a G fhevyw) 

Similar to multi- voltage graphs of type 1, we can get the exact number of liftings 
of a walk in the case of 17; = T and Vi = V ( G ) for any integer i,l < i < n. 

~ n 

Theorem 2.2.8 Let T = |J T be a finite multi-group with groups (T; o^), 1 < i < n 

1=1 

and let W = e 1 e 2 ■ ■ ■ e k be a walk with an initial vertex u in a multi-voltage graph 

n 

( G , r, q) , r : Xi ( G ) — > f| T and q : V (G) — > T, of type 2. Then there are n k liftings 

2 i= 1 

of W in G with an initial vertex u a for Va G f. 

Proof The proof is similar to the proof of Theorem 2.2.2. t| 

~ n 

Theorem 2.2.9 Let T = IJ T be a finite multi-group with groups (T;Oj),l < % < 

i= 1 

n, C = u\u 2 ■ ■ ■ u m ui a circuit in a multi-voltage graph ( G , r, q) of type 2 where 
t : Xi (G) — > fl r and q : V(G) — > T. Then there are o ^ r( ^ o ^ liftings of length 

o(tau(C, o i))m in G of C for any integer i, 1 < i < n, where t(C, ofi = t(u \ , ^2)°* 
t(u 2 , u 3 ) Oj • • • Oj T(u m - 1, u m ) o i r(u m , Mi) and there are 

n |p| 

§ o(t(C, Oj)) 

liftings of C in G^ TS > altogether. 

Proof The proof is similar to the proof of Theorem 2.2.3. tj 
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Definition 2.2.5 Let Gi,G 2 be two graphs and H a subgraph of G i and G 2 . A 
one-to-one mapping f between G\ and G 2 is called an H -isomorphism if for any 
subgraph J isomorphic to H in G\, f(J) is also a subgraph isomorphic to H in G 2 . 

If G\ — G 2 — G, then an H -isomorphism between G\ and G- 2 is called an 
H- automorphism of G. Certainly, all H -automorphisms form a group under the 
composition operation, denoted by Aut hG and Aut^G = AutG if we take H = K 2 . 

For example, let H = (E(x, Ng(x))) for \/x G V(G). Then the //-automorphism 
group of a complete bipartite graph K(n, m ) is Aut hK(h, m) = S n [.SA] = Aut K(n, m). 
There //-automorphisms are called star- automorphisms. 

n 

Theorem 2.2.10 Let G be a graph. If there is a decomposition G = © Hi with 

i — 1 
m 

Hj = H for 1 < i < n and H = © Jj with Jj = J for 1 < j < m, then 

j = i 

(i) {ti, ii : Hi — > Hi, an isomorphism, 1 < i < n) — S n -< Aut hG, and partic- 
ularly, S n ■< Aut^/l 2 n-i-i if H — C, a hamiltonian circuit in K 2n+ i . 

(ii) AutjG -< Aut hG, and particularly, AutG ■< Aut hG for a simple graph G. 

Proof ( i ) For any integer i, 1 < i < n, we prove there is a such //-automorphism 
l on G that i t : H { Hi. In fact, since H t = H , 1 < i < n, there is an isomorphism 
6 : Hi — > H t . We define i % as follows: 



b(e) 



0(e), ifeeV(Hi)(JE(Hi), 

e, ife G (V(G) \ V(Hi)) U (E(G) \ E(Hi)). 



Then is a one-to-one mapping on the graph G and is also an //-isomorphism by 
definition. Whence, 



(ii, i t : H x —> Hi, an isomorphism, 1 < i < n) ■< A\it H G. 

Since (ii, 1 < i < n) = ((1, i), 1 < i < n) — S n , thereby we get that S n A Aut hG. 

n 

For a complete graph K 2n +i, we know a decomposition K 2n+ i = © © with 

2—1 

Ci VuViVi+iVi— iVi — 2 • • • V n j r i_iV n j r i^.iV n j r i'VQ 

for any integer i, 1 < i < n by Theorem 2.1.18. Therefore, we get that 



Cn A Aut H K 2n+ i 

if we choose a hamiltonian circuit H in K 2n +\- 

(ii) Choose a G Aut./G. By definition, for any subgraph A of G, if A = J, 

m 

then a (A) = J. Notice that H — © J 3 with Jj = J for 1 < j < m. Therefore, 

j = 1 

m 

for any subgraph B,B = H of G, <r(B) = © a (Jj) = H. This fact implies that 

3 = 1 

a G Aut G. 



37 




e(G) 

Notice that for a simple graph G, we have a decomposition G = © K 2 and 

i= 1 

Aut k 2 G = AutG. Whence, AutG ■< Aut hG. \\ 

The equality in Theorem 2.2.10 (ii) does not always hold. For example, a one- 
to-one mapping a on the lifting graph of Fig.2.21(a): cr(uo) = U\, cr(ui) = Uo, 
a(u 0 ) = ui, cr(ui) = v 2 and cr(u 2 ) = t’o is not an automorphism, but it is an H- 
automorphism with H being a star 2 . 

For automorphisms of the lifting G- T G of a multi- voltage graph (G, r, g) of type 
2, we get a result in the following. 

Theorem 2.2.11 Let (G, r, g) be a multi-voltage graph of type 2 with r : Xi(G) — > 

n 

f| Tj and g : V) — > Tj. Then for any integers i,j , 1 < i, j < n, 

1=1 

( i ) for V(yfj G r, : , the /e/t action lA(gf) on is a fixed-free action of an 

automorphism of ; 

(ii) for Mgij G r^nr?, the left action lA(gif) on ( E G (Vi,Vj)y T,<; is a star- 
automorphism of ( Ec(Vi , Vj ))^ r . 

Proof The proof of (i) is similar to the proof of Theorem 2.2.4. We prove 
the assertion (ii). A star with a central vertex u a , u G Id, a G Tj f) Y 3 is the 
graph S star = ({(u a ,v a0jb ) if (u,v) G E G (V h Vj), r(u, v) = b}^. By definition, the 

left action lA(gij) is a one-to-one mapping on ( E G (Vi , Vj))^ TS \ Now for any element 
Qijidij e r, f) Tj, the left action lA(gij) of g tJ on a star S star is 

lA(gij)(S s tar) (^{(^gijOtai ^(gijOi^Ojb) if (^W) ^ E G (Vi,Vj) ,t(u,v) b } ^ S s t ar . 

Whence, lA(g.ij) is a star-automorphism of {E G (Vi,Vj))^ TS \ t| 

~ ~ n 

Let G be a graph and let Y = IJ T, be a finite multi-group. If there is a partition 

i=l 

~ n ~ ~ 

for the vertex set V(G) = U h such that the action of V on G consists of T, action 

1=1 

on (yf) and T, f) Lj on ( E G (Vi,Vj )) for 1 < i,j < n, then we say this action to be 
a partially- action. A partially-action is called fixed-free if T, is hxed-free on (Vf) 
and the action of each element in T,- f) Fj is a star-automorphism and fixed-free on 
(. E G (Vi , Vj)) for any integers i,j, 1 < i, j < n. These orbits of a partially-action are 
defined to be 



orbfv) = {g(v)\g G T u v G Vf} 
for any integer i, 1 < i < n and 

orb(e) = {g(e)\e G E(G),g G f}. 
A partially- quotient graph G/ P T is defined by 
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V{G/ P T) = U( orbi(v ) | v G Vi}, E(G/ P f) = {orb(e)\e G E(G)} 

i=l 

and I(G/ P f) = {/(e) = (orbfiu), orbjiy)) if u G V i: v G V) and (u,v) G E(G),1 < 
i,j < n}. An example for partially-quotient graph is shown in Fig. 2. 22, where 
V, = {u 0 ,wi,u 2 ,u 3 }, v 2 = {v 0 ,v 1 ,v 2 j and Vi = Z 4 , T 2 = Z 3 . 



Fig 2.22 

Then we have a necessary and sufficient condition for the lifting of a multi- voltage 
graph of type 2. 

~ n 

Theorem 2.2.12 If the partially -action V a of a finite multi-group T — |J r, : on a 

i= 1 

~ ~ n _ _ 

graph G, V(G) — U Vi is fixed-free, then there is a multi-voltage graph (G/ p T,T,g), 
~i= 1 

r : Xi(G/T) — > f , g : V, — > T, of type 2 such that 

G = (G/ p f) (T ’ ?) . 

Proof Similar to the proof of Theorem 2.2.6, we also choose positive directions 
on these edges of G/ p t and G so that the partially-quotient map pp : G — > G/ p t is 
direction-preserving and the partially- action of f on G preserves directions. 

For any integer i, 1 < % < n and Vn* G V), we can label v l as v\ and for every 
group element g % G T , , g, l r ., label the vertex V a (gi)((vi)i r .) as v l g .. Now if the 
edge e of G/ p f runs from u to w, we assign the label e 9i to the edge of the orbit 
p _1 (e) that originates at the vertex u l g . and terminates at w 3 h . 

Since T, acts freely on (Vf), there are just r, : edges in the orbit pf. 1 (e) for each 
integer i, 1 < i < n, one originating at each of the vertices in the vertex orbit pf ] (v). 
Thus for any integer i, 1 < i < n, the choice of an edge in p -1 (e) to be labelled e 9i 
is unique. Finally, if the terminal vertex of the edge e 9i is wj ' , one assigns voltage 

gf 1 oj hj to the edge e in the partially-quotient graph G/ p f if gi,hj G T t fj Tj for 
1 < i,j < n. 

Under this labelling process, the isomorphism § : G — > (G/pF) 1 - 1 "^) identifies 
orbits in G with fibers of G ( ' TS \ tj 
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The multi-voltage graphs defined in this section enables us to enlarge the appli- 
cation field of voltage graphs. For example, a complete bipartite graph K ( n , m) is 
a lifting of a multi- voltage graph, but it is not a lifting of a voltage graph in general 
if n ^ m. 

§2.3 Graphs in a Space 

For two topological spaces £\ and S 2 , an embedding of £\ in £ 2 is a one-to-one 
continuous mapping / : S\ — > £ 2 (see [92] for details). Certainly, the same problem 
can be also considered for S 2 being a metric space. By a topological view, a graph is 
nothing but a 1-complex, we consider the embedding problem for graphs in spaces 
or on surfaces in this section. The same problem had been considered by Griimbaum 
in [25]- [26] for graphs in spaces and in these references [6], [23], [42] — [44], [56], [69] 
and [106] for graphs on surfaces. 

2.3.1. Graphs in an n-manifold 

For a positive integer n, an n-manifold M n is a Hausdorff space such that each 
point has an open neighborhood homeomorphic to an open n-dimensional ball B n = 
{(xi ,x 2 , ■ ■ ■ , x n )\x\ + x\ + • • - + x 2 < 1}. For a given graph G and an n-manifold M n 
with n > 3, the embeddability of G in M" is trivial. We characterize an embedding 
of a graph in an n-dimensional manifold M n for n > 3 similar to the rotation 
embedding scheme of a graph on a surface (see [23], [42] — [44], [69] for details) in 
this section. 

For Mv G V(G), a space permutation P(v) of v is a permutation on Nq(v) = 
{ui, u 2 , ■ • • , Up^y)} and all space permutation of a vertex v is denoted by V s (v). We 
define a space permutation P S (G ) of a graph G to be 

Ps{G) = {P(v)\Vv G V(G),P(v) G Vs(v)} 

and a permutation system V S {G) of G to be all space permutation of G. Then we 
have the following characteristic for an embedded graph in an n-manifold M n with 
n > 3. 

Theorem 2.3.1 For an integer n > 3, every space permutation P S (G ) of a graph 
G defines a unique embedding of G — > M n . Conversely, every embedding of a graph 
G —> M n defines a space permutation of G. 

Proof Assume G is embedded in an n-manifold M ra . For \/v G V(G), define an 
(n — l)-ball B n ~ l (y ) to be x\ + x\ + • • • + = r 2 with center at v and radius r 

as small as needed. Notice that all autohomeomorphisms Aut5 n_1 (u) of fi re_1 (u) 
is a group under the composition operation and two points A = (xi, x 2 , ■ ■ ■ , x n ) 
and B = (yi,y 2 ,---,y n ) in -B n-1 (u) are said to be combinatorially equivalent if 
there exists an autohomeomorphism <; G AutS n_1 (u) such that <t(A) = B. Consider 
intersection points of edges in Eq{v, Nq{v)) with B n ~ 1 {v). We get a permutation 
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P(v) on these points, or equivalently on N G (v) by (A, B,- ■ ■ ,C,D) being a cycle of 
P(v) if and only if there exists q G Aut B n ~ 1 (v) such that <?{A) = B, ■ ■ •, G(C) = D 
and <; l (D ) = A, where i, ■ • • , j, l are integers. Thereby we get a space permutation 
PJG) of G. 

Conversely, for a space permutation P S (G), we can embed G in M" by embedding 
each vertex v G V (G) to a point X of M" and arranging vertices in one cycle of P S (G) 
of N G (v) as the same orbit of (a) action on points of N G (v) for a G Aut5 n_1 (X). 
Whence we get an embedding of G in the manifold M n . t] 

Theorem 2.3.1 establishes a relation for an embedded graph in an n-dimensional 
manifold with a permutation, which enables us to give a combinatorial definition for 
graphs embedded in n-dimensional manifolds, see Definition 2.3.6 in the hnial part 
of this section. 

Corollary 2.3.1 For a graph G, the number of embeddings of G in M n ,n >3 is 

II Pg(v)\. 

veV(G) 

For applying graphs in spaces to theoretical physics, we consider an embedding 
of a graph in an manifold with some additional conditions which enables us to find 
good behavior of a graph in spaces. On the first, we consider rectilinear embeddings 
of a graph in an Euclid space. 

Definition 2.3.1 For a given graph G and an Euclid space E, a rectilinear embedding 
of G in E is a one-to-one continuous mapping n : G — > E such that 
(■ i ) for Ve G E(G), 7r(e) is a segment of a straight line in E; 

(ii) for any two edges e± = (u,v),e 2 = (x,y) in E(G), (vr(ei) \ {7r(u), vr(u)}) f| 
(vr(e 2 ) \ {7r(x),7r(j/)}) = 0. 

In R 3 , a rectilinear embedding of K 4 and a cube Q 3 are shown in Fig.2.23. 



Fig 2.23 

In general, we know the following result for rectilinear embedding of G in an 
Euclid space R" , n > 3. 
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Theorem 2.3.2 For any simple graph G of order n, there is a rectilinear embedding 
of G in R n with n > 3. 

Proof We only need to prove this assertion for n = 3. In R 3 , choose n 
points (ti, t\, tf), (t 2 , t\, tf), - ■ ■ , (t n , t 2 n , f 3 ), where ti, t 2 , • ■ ■ , t n are n different real 
numbers. For integers i, j, k,l, 1 < i, j, k, l < n, if a straight line passing through ver- 
tices (ti,t 2 ,tf) and ( tj,t 2 ,fj ) intersects with a straight line passing through vertices 
(' tk,tl,tl ) and ( ti,tf,tf ), then there must be 



tk ti tj ti t[ tfc 



ti 



t 2 t 2 

h l 3 



,2 f 2 

l i l l 



ti 



= o, 



ti -tf tf - tf t? - tf 



which implies that there exist integers s, f G {k,l,i,j}, s G f such that t s = tf, a 
contradiction. 

Let V(G) = {vi,v 2 , ■ ■ ■ ,v n }. We embed the graph G in R 3 by a mapping n : 
G — > R 3 with 7r (vi) = (ti,t 2 ,tf) for 1 < i < n and if ViVj G E(G), define n (viVj) 
being the segment between points (ti,t 2 ,tf) and (tj,t 2 ,t^) of a straight line passing 
through points (ti,t 2 ,tf) and (tj,t 2 ,t?). Then n is a rectilinear embedding of the 
graph G in R 3 . tj 

For a graph G and a surface S, an immersion t, of G on S' is a one-to-one 
continuous mapping l : G — > S such that for Ve G E(G ), if e = (u,v), then t(e) is a 
curve connecting l(u) and i{y) on S. The following two definitions are generalization 
of embedding of a graph on a surface. 



Definition 2.3.2 Let G be a graph and S a surface in a metric space £. A pseudo- 
embedding of G on S is a one-to-one continuous mapping n : G — > £ such that 
there exists vertices V\ C V{G), ts an immersion on S with each component 

of S \ 7r((Vi)) isomorphic to an open 2-disk. 

k 

Definition 2.3.3 Let G be a graph with a vertex set partition V(G) = U Vi, 

3 = 1 

Vi r\Vj = 0 for 1 < i, j < k and let S±, S 2 , ■ ■ ■ , Sk be surfaces in a metric space £ 
with k > 1. A multi- embedding of G on Si, S 2 , ■ ■ ■ , Sk is a one-to-one continuous 
mapping n : G — > £ such that for any integer i,l < i < k, Tr\(y^ is an immersion 
with each component of Si \ n((Vf)) isomorphic to an open 2-disk. 

Notice that if tt(G) D(<S'i U S 2 ■ ■ ■ U Sk) = n(V(G)), then every n : G — ■> R 3 
is a multi-embedding of G. We say it to be a trivial multi- embedding of G on 
Si, S 2 , ■ ■ ■ , Sk- If k — 1, then every trivial multi-embedding is a trivial pseudo- 
embedding of G on Si. The main object of this section is to find nontrivial multi- 
embedding of G on Si, S 2 , ■ ■ ■ , Sk with k > 1. The existence pseudo-embedding of 
a graph G is obvious by definition. We concentrate our attention on characteristics 
of multi-embeddings of a graph. 
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For a graph G , let Gi,G 2 ,---,Gk be k vertex- induced subgraphs of G. If 
V{Gi)G\V(Gj) = 0 for any integers i,j, 1 < i,j < k, it is called a block decom- 
position of G and denoted by 



g = y Gi. 

2=1 

The planar block number n p (G ) of G is defined by 

k 

n p (G ) = min{k\G = [+J Gi, For any integer i, 1 < i < k, Gi is planar}. 

2=1 

Then we get a result for the planar black number of a graph G in the following. 

Theorem 2.3.3 A graph G has a nontrivial multi- embedding on s spheres Pi, P 2 , ■ ■ ■ , 
P s with empty overlapping if and only if n p (G) < s < |Gj. 

Proof Assume G has a nontrivial multi-embedding on spheres Pi, P 2 , ■ ■ ■ , P s . 
Since | V(G) H P; | A 1 for any integer i, 1 < i < s, we know that 

|G| =EV(G)f|/’.l >s. 

2=1 

By definition, if n : G — ► R 3 is a nontrivial multi-embedding of G on P\ , P 2 , ■ ■ ■ , P s , 
then for any integer %, 1 < % < s, 7r _1 (Pj) is a planar induced graph. Therefore, 

G = ym(p i ), 

2=1 

and we get that s > n p (G). 

S 

Now if n p {G) < s < |G|, there is a block decomposition G = 1+J G s of G such 

2=1 

that Gi is a planar graph for any integer i, 1 < % < s. Whence we can take s spheres 
Pi, P 2 , • • • , P s and define an embedding 7Tj : Gi — > Pi of Gi on sphere P % for any 
integer i,l < i < s. 

Now define an immersion i t : G —> R 3 of G on R 3 by 



n(G) = ((J vr(G i ))[J{(u i ,t^)|u i G V(Gi),Vj G V(Gj), (v^Vj) G E(G), 1 < i,j < s}. 
2=1 

Then n : G — > R 3 is a multi-embedding of G on spheres Pi, P 2 , ■ ■ ■ , P s . t] 

For example, a multi-embedding of Kq on two spheres is shown in Fig. 2. 24, in 
where, ({x,y,z}) is on one sphere and ({u,v,w}) on another. 
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Fig 2.24 

For a complete or a complete bipartite graph, we get the number n p (G ) as follows. 

Theorem 2.3.4 For any integers n,m,n,m > 1, the numbers n p (K n ) andn p (K(m,n )) 
are 



Tl 

n p (K n ) = |~— ] and n p (K(m,n )) = 2, 
if m >3 ,n> 3, otherwise 1, respectively. 

Proof Notice that every vertex-induced subgraph of a complete graph K n is also 
a complete graph. By Theorem 2.1.16, we know that K 5 is non-planar. Thereby we 
get that 



n P (K n ) = \j\ 

by definition of n p (K n ). Now for a complete bipartite graph K(m,n), any vertex- 
induced subgraph by choosing s and l vertices from its two partite vertex sets is still 
a complete bipartite graph. According to Theorem 2.1.16, K( 3, 3) is non-planar and 
K(2,k) is planar. If m < 2 or n < 2, we get that n p (K(m,n )) = 1. Otherwise, 
K(m,n ) is non-planar. Thereby we know that n p (K(m,n)) > 2. 

Let V (. K(m , n)) — V] U ^2 , where V±, V 2 are its partite vertex sets. If m > 3 and 
n > 3, we choose vertices u, v e V\ and x,y e Vi- Then the vertex-induced sub- 
graphs ({u, v } U O2 \ {x, y}) and ({x, y} U V 2 \ {u, u}} in K(m, n ) are planar graphs. 
Whence, n p (K(m,n )) = 2 by definition. t| 

The position of surfaces Si, S 2 , ■ ■ ■ , Sk in a metric space S also influences the 
existence of multi-embeddings of a graph. Among these cases an interesting case is 
there exists an arrangement S n , S l2 , • • • , S ik for Si, S 2 , • • • , Sk such that in S, S t;i is 
a subspace of S ij+1 for any integer j, 1 < j < k. In this case, the multi-embedding 
is called an including multi- embedding of G on surfaces Si, S 2 , • • • , S&. 

Theorem 2.3.5 A graph G has a nontrivial including multi- embedding on spheres 

S 

P\ D P -2 D • • • D P s if and only if there is a block decomposition G = 1+1 G* of G 

i= 1 

such that for any integer i, 1 < i < s, 

(i) Gi is planar; 
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ill) 



for\/v G V(Gf), N G (x] 



i + 1 

C( u 

i=*-l 



V(Gj)). 



Proof Notice that in the case of spheres, if the radius of a sphere is tending to 
infinite, an embedding of a graph on this sphere is tending to a planar embedding. 
From this observation, we get the necessity of these conditions. 

Now if there is a block decomposition G = 1+J Gi of G such that G* is planar for 

i = 1 

2+1 

any integer i, 1 < i < s and N G (x) C ( |J V\Gf)) for Vu G V(Gi), we can so place 

j=i- 1 

s spheres Pi, P- 2 , ■ ■ ■ , P s in R 3 that Pi D P -2 D • • • D P s . For any integer i, 1 < i < s, 
we define an embedding 7T,: : G* — > P t of Gj on sphere P t . 

i + 1 

Since N G (x) C ( (J V(Gf)) for Vu e V(Gj), define an immersion 7r : G — > R 3 

j=i — 1 

of G on R 3 by 



7r(G) = (|J 7r(Gj)) |J{(ui, Vj) \j = i - l,i,i + l for 1 < i < s and {v^vj) G P(G)}. 
2=1 

Then 7r : G — > R 3 is a multi-embedding of G on spheres Pi, P 2 , • • • , P s . t] 

Corollary 2.3.2 If a graph G has a nontrivial including multi- embedding on spheres 
Pi D ?2 2) ■ • O P s , then the diameter D(G) > s — 1. 

2.3.2. Graphs on a surface 

In recent years, many books concern the embedding problem of graphs on surfaces, 
such as Biggs and White’s [6], Gross and Tucker’s [23], Mohar and Thomassen’s [69] 
and White’s [106] on embeddings of graphs on surfaces and Liu’s [42]- [44], Mao’s 
[56] and Tutte’s [100] for combinatorial maps. Two disguises of graphs on surfaces, 
i.e., graph embedding and combinatorial map consist of two main streams in the 
development of topological graph theory in the past decades. For relations of these 
disguises with Klein surfaces, differential geometry and Riemman geometry, one can 
see in Mao’s [55]- [56] for details. 

(1) The embedding of a graph 

For a graph G = (V(G), E(G), 1(G)) and a surface S, an embedding of G on S is 
the case of k — 1 in Definition 2.3.3, which is also an embedding of a graph in a 
2-manifold. It can be shown immediately that if there exists an embedding of G 
on S, then G is connected. Otherwise, we can get a component in S \ 7 r(G) not 
isomorphic to an open 2-disk. Thereafter all graphs considered in this subsection 
are connected. 

Let G be a graph. For v G V(G), denote all of edges incident with the vertex 
v by Nq(v) = (ei, ■ ■ ■ , & PG (v)}- A permutation C(v) on ei, e 2 , • • • , e PG („) is said a 
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pure rotation of v. All pure rotations incident with a vertex v is denoted by g(v). A 
pure rotation system of G is defined by 

p(G) = {C{v)\C(y) G g{v) for Vu G V(G)} 

and all pure rotation systems of G is denoted by g(G). 

Notice that in the case of embedded graphs on surfaces, a 1-dimensional ball 
is just a circle. By Theorem 2.3.1, we get a useful characteristic for embedding of 
graphs on orientablc surfaces first found by Heffter in 1891 and then formulated by 
Edmonds in 1962. It can be restated as follows. 

Theorem 2.3.6([23]) Every pure rotation system for a graph G induces a unique 
embedding of G into an orientable surface. Conversely, every embedding of a graph 
G into an orientable surface induces a unique pure rotation system of G. 

According to this theorem, we know that the number of all embeddings of a 
graph G on orientable surfaces is n i ;Gy(G)(PG(' l 0 — 1)!- 

By a topological view, an embedded vertex or face can be viewed as a disk, and 
an embedded edge can be viewed as a 1-band which is defined as a topological space 
B together with a homeomorphism h : I x / — > B, where / = [0, 1], the unit interval. 
Whence, an edge in an embedded graph has two sides. One side is h((0,x)),x G /. 
Another is h((l,x)),x G I. 

For an embedded graph G on a surface, the two sides of an edge e G E(G) may 
lie in two different faces fi and / 2 , or in one face / without a twist ,or in one face 
/ with a twist such as those cases (a), or (b), or (c) shown in Fig. 25. 



Fig 2.25 

Now we define a rotation system p L (G ) to be a pair (J , A), where J is a pure 
rotation system of G , and A : E(G) — > Z 2 . The edge with A(e) = 0 or A(e) = 1 is 
called type 0 or type 1 edge, respectively. The rotation system g L (G) of a graph G 
are defined by 

Q L (G) = {(J, A) | J G g(G), A : E{G) - Z 2 }. 
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By Theorem 2.3.1 we know the following characteristic for embedding graphs on 
locally orientable surfaces. 

Theorem 2.3.T( [23] , [91] ) Every rotation system on a graph G defines a unique lo- 
cally orientable embedding of G — > S . Conversely, every embedding of a graph 
G — > S defines a rotation system for G. 

Notice that in any embedding of a graph G, there exists a spanning tree T such 
that every edge on this tree is type 0 (see also [23], [91] for details). Whence, the 
number of all embeddings of a graph G on locally orientable surfaces is 

2' S(G > n teW-l)! 

veV{G) 

and the number of all embedding of G on non-orientable surfaces is 

( 2 « oi -i) n 

veV(G) 

The following result is the famous Euler- Poincare formula for embedding a graph 
on a surface. 

Theorem 2.3.8 If a graph G can be embedded into a surface S, then 



v(G)-e(G) + <t>(G)= X (S ), 

where u(G),e(G) and <j)(G) are the order, size and the number of faces of G on S, 
and x(S) * s the Euler characteristic of S, i.e., 



X(S) 



2 — 2 p, if S is orientable , 

2 — q, if S is non — orientable. 



For a given graph G and a surface S, whether G embeddable on S is uncertain. 
We use the notation G — > S denoting that G can be embeddable on S. Define the 
orientable genus range GR°(G ) and the non-orientable genus range GR N (G ) of a 
graph G by 



GR°{G) = { ^ - - 1 G — > S, S is an orientable surface }, 

GR n (G ) = {2 — y(S')|G — > S, S is a non — orientable surface}, 
respectively and the orientable or non-orientable genus 7 (G), 7 (G) by 

7 (G) = min{p\p G GR°{G)}, 7 m(G ) = max{p\p E GR°{G)}, 
7 (G) = min{q\q G GR N (G)}, x M (G) = max{q\q G GR°(G)}. 
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Theorem 2.3.9(Duke 1966) Let G be a connected graph. Then 

OR°(G) = [7(G), 7 m(G)]. 

Proof Notice that if we delete an edge e and its adjacent faces from an embedded 
graph G on a surface S, we get two holes at most, see Fig.25 also. This implies that 
|0(G) -0(G-e)|<l. 

Now assume G has been embedded on a surface of genus 7 (G) and V(G) = 
{u,v, ■ ■ - Consider those of edges adjacent with u. Not loss of generality, we 
assume the rotation of G at vertex v is (ei, e 2 , • • • , e PG ( u ))- Construct an embedded 
graph sequence G 1 , G 2 , • • • , G Pg ( u )i by 

q(Gi) = q(G)\ 

q{G 2 ) = (q(G) \ (f?(u)}) U{(e 2 , ei, e 3 , • • • , e PG ( u ))}; 



q(G Pg (u)- 1) = (g(G) \ {^(u)}) u{(e 2 , e 3 , ■ ■ • , e PG(u) , ei)}; 

Q(G pg{u )) (f?(G) \ {f?(w) }) U{(®3) ^2, ‘ ' ' , &pq(u) i ^ 1 ) 

5 

^( G pgW!) = (^( G ) \ {^( M )}) U{(e PG( «), • • • , e 2 , ei, )}. 

For any integer i, 1 < i < pc(u)!, since |0(G) — 0(G — e)| < 1 for Ve G E(G), we 
know that \(f>(G i+ i) - 0(G0| < 1. Whence, |x(G i+ i) - x( G i)\ < 1. 

Continuing the above process for every vertex in G we finally get an embedding 
of G with the maximum genus 7 m(G). Since in this sequence of embeddings of G, 
the genus of two successive surfaces differs by at most one, we get that 

GR°(G) — [ 7 (G), 7 m(G)]. b 

The genus problem, i.e., to determine the minimum orientable or non-orientable 
genus of a graph is NP-complete (see [23] for details). Ringel and Youngs got the 
genus of K n completely by current graphs (a dual form of voltage graphs) as follows. 

Theorem 2.3.10 For a complete graph K n and a complete bipartite graph K(m,n), 
m, n > 3, 



7 ( K n) = — ~77T — — 1 and 7 (K(m,n)) 



(m- 2)(w- 2) 
4 



Outline proofs for 7 (K n ) in Theorem 2.3.10 can be found in [42], [23], [69] and 
a complete proof is contained in [81]. For a proof of 7 (K(m,n)) in Theorem 2.3.10 
can be also found in [42], [23], [69]. 

For the maximum genus 7 m(G) of a graph, the time needed for computation is 
bounded by a polynomial function on the number of v(G) ([23]). In 1979, Xuong 
got the following result. 
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Theorem 2.3.11(Xuong 1979) Let G be a connected graph with n vertices and q 
edges. Then 



7 m(G) = ^{q - n + 1) - ^ min c odd (G \ E(T)), 

where the minimum is taken over all spanning trees T of G and c odd (G \ E{T )) 
denotes the number of components of G\ E(T ) with an odd number of edges. 

In 1981, Nebesky derived another important formula for the maximum genus 
of a graph. For a connected graph G and A C E(G), let c(A ) be the number of 
connected component of G\A and let b(A) be the number of connected components 
X of G \ A such that \E(X)\ = \V (X)\(mod,2) . With these notations, his formula 
can be restated as in the next theorem. 

Theorem 2.3.12(Nebesky 1981) Let G be a connected graph with n vertices and q 
edges. Then 



7 m(G) = ^(q-n + 2) - max ^{c(A) + b(A) - \ A\}. 

Corollary 2.3.3 The maximum genus of K n and K(m,n ) are given by 

( w \ i i n x )( n - 2 ) i > / v( \ \ | (m - 1 )(n - 1) 

7 m(A„) = [ J and 7 M {K{m,n)) = [ ^ J, 

respectively. 

Now we turn to non-orientable embedding of a graph G. For Ve G E(G), we 
define an edge-twisting surgery ®(e) to be given the band of e an extra twist such 
as that shown in Fig. 26. 



Fig 2. 26 

Notice that for an embedded graph G on a surface S, e e E(G), if two sides of e 
are in two different faces, then ®(e) will make these faces into one and if two sides 
of e are in one face, ®(e) will divide the one face into two. This property of <g)(e) 
enables us to get the following result for the crosscap range of a graph. 

Theorem 2.3.13(Edmonds 1965, Stahl 1978) Let G be a connected graph. Then 
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Gfl N (G) = [T(G),/?(G)], 

where (3(G) = e(G) — v(G) + 1 is called the Betti number of G. 

Proof It can be checked immediately that 7 (G) = 7 m(G) = 0 for a tree G. If G 
is not a tree, we have known there exists a spanning tree T such that every edge on 
this tree is type 0 for any embedding of G. 

Let E(G ) \ E(T ) = {ei, e2, • • • , op(G)}- Adding the edge e\ to T, we get a two 
faces embedding of T + e\. Now make edge- twisting surgery on e\. Then we get a 
one face embedding of T + e,\ on a surface. If we have get a one face embedding of 
T + (ei + e 2 + • • • + e,), 1 < i < (3(G), adding the edge e i+ \ to T + (e± + e 2 + • — h e^) 
and make <g)(e i+ i) on the edge e i+ i. We also get a one face embedding of T + (ei + 
e 2 + • — b ej + i) on a surface again. 

Continuing this process until all edges in E(G) \ E(T ) have a twist, we finally 
get a one face embedding of T + (E(G) \ E(T )) = G on a surface. Since the number 
of twists in each circuit of this embedding of G is l(mod.2), this embedding is non- 
orientable with only one face. By the Euler-Poincare formula, we know its genus 
9(G) 



g(G)=2-(u(G)-e(G) + l)=(3(G). 

For a minimum non-orientable embedding £ G of G, i.e., 7(£ G ) — 7(G), one can 
selects an edge e that lies in two faces of the embedding £ G and makes <g)(e). Thus 
in at most 7 m(G) — 7(G) steps, one has obtained all of embeddings of G on every 
non-orientable surface N s with s G [7(G), 7 m(G)\. Therefore, 

Gfi w (G) = [7(G), /3(G)] J 

Corollary 2.3.4 Let G be a connected graph with p vertices and q edges. Then 

7 m(G) = q-p + 1. 

Theorem 2.3.14 For a complete graph K n and a complete bipartite graph K(m, n), 
m, n > 3, 



~(ts\ r ( n_3 )( n_4 )n 

7 (K n ) = | 7^ 1 



6 



with an exception value 7(1(7) = 3 and 



~(ts< r ( m_2 )( n_2 )i 

7 (K(m,n)) = | ]. 



A complete proof of this theorem is contained in [81], Outline proofs of Theorem 
2.3.14 can be found in [42], 
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(2) Combinatorial maps 

Geometrically, an embedded graph of G on a surface is called a combinatorial map M 
and say G underlying M. Tutte found an algebraic representation for an embedded 
graph on a locally orientable surface in 1973 ([98], which transfers a geometrical 
partition of a surface to a permutation in algebra. 

According to the summaries in Liu’s [43] — [44], a combinatorial map M = 
(X a ,/ 3 ,V) is defined to be a permutation V acting on X 0t p of a disjoint union of 
quadricells Kx of x € X, where A" is a finite set and K = {1, a, /3, a/3} is Klein 
4-group with the following conditions hold. 

(i) Vx G X a p, there does not exist an integer k such that V k x = ax\ 

(ii) aV = V~ x a\ 

(in) The group Tj = ( a,/3,V ) is transitive on X a ,p- 

The vertices of a combinatorial map are defined to be pairs of conjugate orbits of 
V action on X a ^, edges to be orbits of K on X a p and faces to be pairs of conjugate 
orbits of Va/3 action on X a g. 

For determining a map (X a ,Pi'P) is orientable or not, the following condition is 
needed. 

(iv) If the group T/ = ( a/3,V ) is transitive on X a ,p, then M is non- orientable. 
Otherwise, orientable. 

For example, the graph D 0A 0 (a dipole with 4 multiple edges ) on Klein bottle 
shown in Fig. 27, 



Fig 2.27 

can be algebraic represented by a combinatorial map M = (X a ^,V) with 

X a ,p = U {e, ae, (3e, a(3e}, 

e€{x,y,z,w} 

v = (x,y, z,w)(a/3x,a/3y, /3z, (3w) 

x (ax,aw,az,ay)(/3x,aPw,a/3z, fiy). 

This map has 2 vertices v\ = {(x,y, z,w), (ax,aw,az,ay)}, V 2 = {(aPx, aPy, Pz, 
Pw), (Px, aPw, aPz, Py)}, 4 edges e\ = {x, ax, Px, aPx}, e 2 = {y, ay, Py, aPy}, e 3 = 
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{z, az, /3z, a/3z}, e 4 = {w, aw, /3w, a/3w} and 2 faces f 2 = {(a;, a/3y, z, (3y, ax, a/3w), 
{Px,aw,a/3x,y, /3z,ay)}, f 2 = {{/3w,az), {w,a/3z)}. The Euler characteristic of 
this map is 



X{M) = 2 — 4 + 2 = 0 

and T; = (a/3,V) is transitive on X a ^. Thereby it is a map of D 0A 0 on a Klein 
bottle with 2 faces accordance with its geometrical figure. 

The following result was gotten by Tutte in [98], which establishes a relation for 
an embedded graph with a combinatorial map. 

Theorem 2.3.15 For an embedded graph G on a locally orientable surface S, there 
exists one combinatorial map M = {X a ^,V) with an underlying graph G and for a 
combinatorial map M = {X a ^,V), there is an embedded graph G underlying M on 

S. 



Similar to the definition of a multi- voltage graph (see [56] for details), we can 

~ n 

define a multi- voltage map and its lifting by applying a multi-group T = |J T; with 

2=1 

Tj = Tj for any integers i,j, 1 <i,j< n. 

~ n 

Definition 2.3.4 Let V = (j T be a finite multi-group with T = {gi, g 2 ,---, g m } and 

i= 1 

an operation set O(T) = {°i|l < i < n} and let M = (X a ^,V) be a combinatorial 
map. If there is a mapping if : X a p — > T such that 

(■ i ) forWx G X a ^,\/cr G K = (1, a, (3, a/3}, if {ax) = if(x), if{/3x ) = if{a/3x ) = 
if{x)~ l ; 

(w) for any face J = {x,y, ■ --,z){f3z, ■ ■ ■ ,(3y,(3x), if(f,i ) = if(x) °iif{y) o* ■ ■ - o* 
if(z), where o* g O(T), 1 < i < n and (if(f, i)\f G F(v)) = G for\/v G V(G), where 
F(v) denotes all faces incident with v, 
then (M, if) is called a multi-voltage map. 

The lifting of a multi-voltage map is defined in the next definition. 

Definition 2.3.5 For a multi-voltage map (M, if), the lifting map M ^ = (Xi „^,V 4 ’) 
is defined by 

F 4 = Y[ II (xg,yg,---,zg)(azg,---,ay g ,ax g ), 

9 gr {x,y,-,z)(az,-,ay,ax)eV (M) 

a 4 ’ = [Q (xg,ax g ), 
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p*=h n ( x 9i>(P x )gi oMx)) 

i= 1 x(zX a p 

with a convention that {fix) gi0i M x ) = y 9i for some quadricells y G 

Notice that the lifting M ^ is connected and d'f = (o^f3^,V^ is transitive on 

g 4 , if and only if T/ = ( a/3,V ) is transitive on X a g. We get a result in the 
following. 

Theorem 2.3.16 The Euler characteristic x(M^) of the lifting map M ^ of a multi- 
voltage map (M, T) is 



n 

x(m*) = |r|(x(M) + £ y ( 



i= 1 f£F{M) 



1 

o{ip{f, °i )) 



1 

n 



)), 



where F(M) and o(^(/, Oj)) denote the set of faces in M and the order o/^(/, °,;) 
in (T;oj) 7 respectively. 



Proof By definition the lifting map M' } has \Y\v(M) vertices, |r|e(M) edges. 
Notice that each lifting of the boundary walk of a face is a homogenous lifting by 
definition of f3 E Similar to the proof of Theorem 2.2.3, we know that has 



E E 



i= 1 f£F(M) 



|T[ 

o(y(/,°i)) 



faces. By the Eular-Poincare formula we get that 



X(M^) = + 0(M^) 

n 

= |rMM)-|r| £ (M) + y: Y. 



= |r| ( x (M)-m) + Y E 



=1 f£F(M) °(V ; (/ 5 °i)) 

1 



= |G|( X (M)+E E 



^ifeF(M) °(^(/> °0) 

1 1, 



Tt/gTfM) °w,°i)) n 



Recently, more and more papers concentrated on finding regular maps on surface, 
which are related with discrete groups, discrete geometry and crystal physics. For 
this object, an important way is by the voltage assignment on a map. In this held, 
general results for automorphisms of the lifting map are known, see [45] — [46] and 
[71] — [72] for details. It is also an interesting problem for applying these multi- 
voltage maps to finding non-regular or other maps with some constraint conditions. 

Motivated by the Four Color Conjecture, Tait conjectured that every simple 
3-polytope is hamiltonian in 1880. By Stcinitz’s a famous result (see [24]), this con- 
jecture is equivalent to that every 3-connected cubic planar graph is hamiltonian. 
Tutte disproved this conjecture by giving a 3-connected non-hamiltonian cubic pla- 
nar graph with 46 vertices in 1946 and proved that every A-connected planar graph is 
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hamiltonian in 1956 ( [97] , [99] ) . In [56], Griinbaum conjectured that each A- connected 
graph embeddable in the torus or in the projective plane is hamiltonian. This conjec- 
ture had been solved for the projective plane case by Thomas and Yu in 1994 ([93]). 
Notice that the splitting operator i) constructed in the proof of Theorem 2.1.11 is a 
planar operator. Applying Theorem 2.1.11 on surfaces we know that for every map 
M on a surface, M® is non-hamiltonian. In fact, we can further get an interesting 
result related with Taft’s conjecture. 

Theorem 2.3.17 There exist infinite 3— connected non-hamiltonian cubic maps on 
each locally orientable surface. 

Proof Notice that there exist 3-connected triangulations on every locally ori- 
entable surface S. Each dual of them is a 3-connected cubic map on S. Now we 
define a splitting operator o as shown in Fig. 2. 28. 



Fig.j2.28 

For a 3-connected cubic map M, we prove that M a ^ is non-hamiltonian for 
\/v G V(M). According to Theorem 2.1.7, we only need to prove that there are no 
~ V 2 , or yi — y 3 , or y 2 — y 3 hamiltonian path in the nucleus N(a(v)) of operator 
a. 

Let H(zi) be a component of N(cr(v))\{zoZi, yi-\Ui + i, yi+iVi-i} which contains 
the vertex Zi, 1 < i < 3(all these indices mod 3). If there exists a y 3 — y 2 hamiltonian 
path P in N(a(v)), we prove that there must be a u* — hamiltonian path in the 
subgraph H{zf) for an integer i, 1 < i < 3. 

Since P is a hamiltonian path in N(a(v)), there must be that v 3 y 3 u 2 or u 2 y 3 V\ is a 
subpath of P. Now let E\ = {y\u 3 , 2 : 0 ^ 3 , 2 / 2 ^ 3 }, we know that | E(P) fj E\ =2. Since 
P is a y\ — y 2 hamiltonian path in the graph N(a(v)), we must have yiu 3 (f E(P) 
or y 2 v 3 jL E{P). Otherwise, by \E(P) D^il = 2 we get that z 0 z 3 jL E{P). But in 
this case, P can not be a y 3 — y 2 hamiltonian path in N(a(v)), a contradiction. 

Assume y 2 v 3 jL E(P ). Then y 2 u 3 G E(P). Let E 2 = {u 3 y 2 , z^q, v 3 y 3 }. We 
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also know that | E(P) fl E 2 \ = 2 by the assumption that P is a hamiltonian path in 
N(a(v)). Hence z Q Z\ 0 E(P) and the v 3 — U\ subpath in P is a Vi — U\ hamiltonian 
path in the subgraph H(zi). 

Similarly, if y iw 3 0 E(P), then y x v 2 G E{P). Let E 3 = {yiv 2 , z 0 z 2 , 2/3^2}- We 
can also get that \E(P) fl-EsI = 2 and a v 2 — u 2 hamiltonian path in the subgraph 
H(z 2 ). 

Now if there is a V\ — u \ hamiltonian path in the subgraph H(zi), then the graph 
H(z\) +U 1 V 1 must be hamiltonian. According to the Grinberg’s criterion for planar 
hamiltonian graphs, we know that 



03 - 0”3 + 2(01 - 0 ” 4 ) + 3(0' - 0 ” 5 ) + 6(01 - 0 ” 8 ) = 0 , (*) 

where 0' or 0”j is the number of i-gons in the interior or exterior of a chosen 
hamiltonian circuit C passing through U\V\ in the graph H(zi) + U\V\. Since it is 
obvious that 



0 / 3 = 0” 8 = l, 0” 3 = 01 = 0, 

we get that 

2(0l — 0” 4 ) + 3(01 — 0” 5 ) = 5, (**) 

by (*). 

Because 01 + 0”4 = 2, so 01 — 0’A = 0,2 or — 2. Now the valency of z\ in 
H(z\) is 2, so the 4-gon containing the vertex z\ must be in the interior of (7, that is 
01 0 ” 4 7 ^ -2. If 0l~ 0 ” 4 = 0 or 04 — 0” 4 = 2, we get 3 (0 , 5 -0” 5 ) = 5 or 3(0 , 5 -0” 5 ) = 
1 , a contradiction. 

Notice that H(zi) = H(z 2 ) = H(z 3 ). If there exists a u 2 — «2 hamiltonian path 
in H(z 2 ), a contradiction can be also gotten. So there does not exist a yi — y 2 
hamiltonian path in the graph N(a{y)). Similarly , there are no y\ — y 3 or y 2 — y 3 
hamiltonian paths in the graph N(a(v)). Whence, M a ^ is non-hamiltonian. 

Now let n be an integer, n > 1. We get that 



M x = (M)^ u \ u G V(M); 

M 2 = (M 1 ) Ar(<T b ,)) ( , 0, veViMi)] 



M n = (M n ^) N ^ w \ w E y(M n _!); 



All of these maps are 3-connected non-hamiltonian cubic maps on the surface S. 
This completes the proof. t] 
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Corollary 2.3.5 There is not a locally orientahle surface on which every 3-connected 
cubic map is hamiltonian. 

2.3.3. Multi-Embeddings in an n-manifold 

We come back to determine multi-embeddings of graphs in this subsection. Let 
S\, S 2 , ■ ■ ■ , S k be k locally orientable surfaces and G a connected graph. Define 
numbers 



7 (G; Si, S 2 , ■ ■ ■ , S k ) = rnrnlX 7 (G,) \G = l+J G h G t ^S u l<i< k}, 

1=1 1=1 

7 m(G; S u S 2 , • • • , S k ) = max{^ 7 (G l )|G = l+J G u G t - S t , 1 < i < k}. 

i=l i = 1 

and the multi-genus range GR(G ; <Si, S 2 , • • • , S k ) by 

GR(G\ Si, S 2 , ■ ■ ■ , S k ) = {E g{Gi)\G = l+J G u G t -^S u l<i< k}, 

i = 1 i= 1 

where Gi is embeddable on a surface of genus g(Gf). Then we get the following 
result. 

Theorem 2.3.18 Let G be a connected graph and let Si, S 2 , ■ • • , S k be locally ori- 
entable surfaces with empty overlapping. Then 



GR(G; Si,S 2 ,---, S k ) = [ 7 (G; Si,S 2 ,---, S k ), lM (G-, Si, S 2 , , S k )}. 



k 

Proof Let G — l+J Gi, Gi — > Si, 1 < i < k. We prove that there are no gap 
1=1 

in the multi-genus range from 7(^1) + 7 (G 2 ) H h 7 (G k ) to Jm(Gi) + 7 m(G 2 ) + 

• • • + 7 M(G k ). According to Theorems 2.3.8 and 2.3.12, we know that the genus 
range GR°(Gi) or GR N {G ) is 'y M (G i )\ or [ 7 (Gj), for any integer 

i, 1 < i < k. Whence, there exists a multi-embedding of G on k locally orientable 
surfaces Pi,P 2 ,---,P k with g{Pi) = 7(^1), g{P 2 ) = 7 (G 2 ),---, g{P k ) = 7 (G k ). 
Consider the graph G\, then G 2 , and then G3, • • • to get multi-embedding of G on 
k locally orientable surfaces step by step. We get a multi-embedding of G on k 
surfaces with genus sum at least being an unbroken interval [7(^1) +7(^2) + • — h 

l{G k ),TM{Gi) + 7 m {G 2 ) H 1- 7 M(G k )\ of integers. 

By definitions of j(G; Si, S 2 , • • • , S k ) and 7 m(G] Si, S 2 , ■ ■ • , S k ), we assume that 

G = l+J G[, G\ — > Si, l < i < k and G = l+J G", G'[ — > Si, 1 < i < k attain the 

1=1 i= 1 
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extremal values 7 (G; Si, S 2 , ■ ■ ■ , S/f) and 7 m(G; Si, S 2 , ■ ■ ■ , Sk), respectively. Then 
we know that the multi-embedding of G on k surfaces with genus sum is at least an 

k k kk 

unbroken intervals [J2 7 (G'f), J2 7 m(G')] and [J2 7 (G"), 7 m(G”)\ of integers. 

i= 1 2=1 2= 1 2= 1 

Since 



^ 2 g(Si) e E 7(^)5 5Z7m(G')] nE7(^ , ))E7M(^ , )] ) 

2=1 2 = 1 2=1 2=1 2=1 

we get that 



GR(G; S u S 2f • • • , 5 fc ) = [ 7 (G; Si, S 2 , • ■ ■ , S fc ), 7 m(G; S x , S 2 , - • • , S fc )]. 
This completes the proof. t| 

For multi-embeddings of a complete graph, we get the following result. 



Theorem 2.3.19 Let P\, P 2 , ■ ■ ■ , Pk and Qi, Q 2 , ■ ■ • , Qk be respective k orientable 
and non- orientable surfaces of genus> 1. A complete graph K n is multi- embeddable 
in Pi, P 2 , ■ ■ ■ , Pk with empty overlapping if and only if 



7 [ 3+ v /l6g(P,) + l i 



^^ ^ +N /48g(P.) + l 



and is multi- embeddable in Qi, Q 2 , ■ ■ ■ ,Qk with empty overlapping if and only if 



fc 

571 + v'v 1^.11 4 = n 



7+/Mg(Q,) + l 



Proof According to Theorem 2.3.9 and Corollary 2.3.2, we know that the genus 
g(P) of an orientable surface P on which a complete graph K n is embeddable satisfies 

r (n ~ 3 ^~ 4) l< g (f)< L (,i - 1) 4 (,i -2 > J. 

i.e., 

(w-3)(w-4) < < (w- l)(w- 2) 

12 -yy ) - 4 

If g(P) > 1, we get that 

3+ /ifiTPjTT 7+^/48g(F) + l 

r —~2 1 S«< L ! j J- 

Similarly, if K n is embeddable on a non-orientable surface Q, then 
r ( n — 3) (n — 4) (n - l) 2 , 

r g 1 < y{Q) < l — 2 — J’ 
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i.e., 



ri + J2M ) 1 <n< 1 7 + V 24 f (Q) 



+ 1 



Now if K n is multi-embeddable in P\ , P 2 , • • • , P& with empty overlapping, then 
there must exists a partition n = n\ + n 2 + • • • + rq., rq > 1, 1 < i < k. Since each 
vertex- induced subgraph of a complete graph is still a complete graph, we know that 
for any integer i,l < i < k, 



3 + sJl&g(Pi) + 1 | 7 + \/48g(Pi) + 1 

r — - — 2 1 - ni - l — — 2 -i- 

Whence, we know that 

3 + v/iwf+T + + i 

Lr — - — « 1 — n — z^L — - — ^ J- (*) 

i= 1 z i = 1 z 

On the other hand, if the inequality (*) holds, we can find positive integers 
ni, n 2 , • • • , nk with n — n\ + n 2 + • • • + rp and 

3 + sJlQg(Pi) + 1 | 7 + yj48g(Pi) + 1 

r — - — 2 1 - ni - l — — 2 

k 

for any integer i, 1 < % < k. This enables us to establish a partition K n = 1+J K ni for 

1=1 

K n and embed each K ni on P % for 1 < % < k. Therefore, we get a multi-embedding 
of K n in Pi, P 2 , • • • , Pk with empty overlapping. 

Similarly, if K n is multi-embeddable in Qi, Q 2 , • • • Qk with empty overlapping, 
there must exists a partition n = rn i + m 2 + • • • + rrik, rrii > 1,1 < i < k and 



, 7 + j2Ag(Qi) + 1 

ri + i < < i — v " — j. 

for any integer i, 1 < i < k. Whence, we get that 



t ri + < » < E l 7 + f j . («) 



2=1 2=1 

Now if the inequality (**) holds, we can also find positive integers mi,m 2 , 
with n — mi + m 2 + ■■■ + n^k an d 



• , m k 



[i + A(ft)l £ < [ 7 + V2 1 W ‘ ) + 1 . 



for any integer i, 1 < i < k. Similar to those of orientable cases, we get a multi- 
embedding of K n in Q i, Q- 2 , ■ ■ ■ ,Qk with empty overlapping. t] 
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Corollary 2.3.6 A complete graph K n is multi- embeddable in k,k > 1 orientable 
surfaces of genus p, p > 1 with empty overlapping if and only if 



3 + y/16p+ 1 ^ 77 7 + y/48p + 1 

1 2 - k - L 2 J 

and is multi- embeddable in l, l > 1 non- orientable surfaces of genus q, q > 1 with 
empty overlapping if and only if 

ri + ^i<^<L 7+ ' / !f TT j. 

Corollary 2.3.7 T complete graph K n is multi- embeddable in s,s > 1 ton with 
empty overlapping if and only if 



4 s < n < 7s 

and is multi- embeddable in t,t > 1 projective planes with empty overlapping if and 
only if 



3t < n < 6 1. 



Similarly, the following result holds for a complete bipartite graph K(n,n). 



Theorem 2 . 3.20 Let P\, P 2 , ■ ■ ■ , Pk and Qi, Q 2 , ■ ■ ■ , Qk be respective k orientable 
and k non- orientable surfaces of genus> 1. A complete bipartite graph K(n,n ) is 
multi- embeddable in P\, P 2 , • • • , Pk with empty overlapping if and only if 

fc 

ri + v /2^)l<n<EL2 + 2 

i= 1 i=l 

and is multi- embeddable in Q 1 , Q- 2 , ■ ■ ■ ,Qk with empty overlapping if and only if 





fc 

+ \! 9{Qi)1 ^ 



n 





<y[2 + v /2g(Q.)J. 



Proof Similar to the proof of Theorem 2.3.18, we get this result. t] 

2.3.4. Classification of graphs in an 77-manifold 

By Theorem 2.3.1 we can give a combinatorial definition for a graph embedded in 
an Ti-manifold, i.e., a manifold graph similar to the Tutte’s definition for a map. 

Definition 2.3.6 For any integer 77,77 > 2, an n-dimensional manifold graph n Q is 
a pair n Q = (Sr, C) in where a permutation C acting on Sr of a disjoint union Ta; = 
{<jx\cr E T} for \/x E E, where E is a finite set and T = {/i, o\p 2 = o n — 1, no — 0 / 7 } 
is a commutative group of order 2n with the following conditions hold. 



59 




(i) \/x G £k, there does not exist an integer k such that £ k x = o l x for Vi, 1 < 
i < n — 1 ; 

(ii) p£ = £~ 1 p] 

(in) The group \ 1 >j = (p,o,£) is transitive on £r- 

According to (i) and (ii), a vertex v of an n- dimensional manifold graph is de- 
fined to be an n-tuple {(o l x i, o l x 2 , • • • , o l x s p v ))(o l y 1, o*r/ 2 , • • • , o l y S2 ( v )) ■ ■ ■ (o l zi, o l Z2, 
■ ■ ■ , o l z Sl(v) ( v ))] 1 < i < n} of permutations of £ action on £r, edges to be these 
orbits of T action on £r . The number Si(u) + S2(v ) + • • • + sp v )(v) is called the 
valency ofv, denoted by Pg ' S2 ’ ,SlM (v). The condition (Hi) is used to ensure that an 
n-dimensional manifold graph is connected. Comparing definitions of a map with 
an n-dimensional manifold graph, the following result holds. 

Theorem 2 . 3.21 For any integer n, n > 2 , every n-dimensional manifold graph 
n G = (£rj£) is correspondent to a unique map M = (£ a ^,V) in which each vertex 
v in n Q is converted to l(v) vertices vi,v 2 , • • • , vp v ) of M . Conversely, a map M = 
(£ a ,g,V) is also correspondent to an n-dimensional manifold graph n G = (£r,£) in 
which l(v) vertices U\,U2, ■ ■ ■ ,up v ) of M are converted to one vertex u of n Q. 

Two n-dimensional manifold graphs n Q\ = (£^^£1) and = (^25^2) are 
said to be isomorphic if there exists a one-to-one mapping k : £f l — > £f 2 such that 
np = pn, no = on and n£\ = £ 2 n. If £f x = £f 2 = £r and £\ = £2 = £, an 
isomorphism between n Q\ and n G2 is called an automorphism of n G = It 

is immediately that all automorphisms of n Q form a group under the composition 
operation. We denote this group by A\\t n G . 

It is obvious that for two isomorphic n-dimensional manifold graphs n Q\ and n G2i 
their underlying graphs G\ and G2 are isomorphic. For an embedding n Q = (£?, £) 
in an n-dimensional manifold and VC G AutiG, an induced action of ( on £r is 
dehned by 



CM = 9 ((x) 

for \/x G £r and Vg G T. Then the following result holds. 

Theorem 2 . 3.22 Aut n f? V AutiG x (u). 

2 

Proof First we prove that two n-dimensional manifold graphs n Q 1 = (£f 2 ,£\) 
and” G2 — ( £f 2 j £ 2 ) are isomorphic if and only if there is an element ( G Aut 1 T such 

that £1 = £2 or £f l . 

If there is an element ( G AutiT such that £\ = £2, then the n-dimensional 

manifold graph n G\ is isomorphic to n G 2 by definition. If £ k = £f 1 , then £^ L = £ 2 . 
The n-dimensional manifold graph "Q\ is also isomorphic to ”^ 2 - 

By the definition of an isomorphism f between n-dimensional manifold graphs 
n Q\ and n fy 2 , we know that 
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(j£( x ) = £fj,(x), of(x) = fo(x) and £f(x) = C 2 (x). 

Vx E Sr- By definition these conditions 

o£(x) = £o(x) and £f(x) = C 2 (x). 

are just the condition of an automorphism £ or af on Xi (r). Whence, the assertion 
is true. 

Now let = £y 2 = £r and = C 2 = C. We know that 

A\xt n Q -< AutiG x (n) . t] 

Similar to combinatorial maps, the action of an automorphism of a manifold 
graph on £\ is fixed-free. 

Theorem 2.3.23 Let n Q = (Sr, C) be an n-dimensional manifold graph. Then 
(Aut n Q) x is trivial for Mx E £ r- 

Proof For \/g E {Pa\t n Q) x , we prove that g(y) = y for \/y E £r- In fact, since 
the group 'hj = (//, o, C) is transitive on £ r , there exists an element r E v kj such 
that y = t(x). By definition we know that every element in 'Fj is commutative with 
automorphisms of n Q. Whence, we get that 

g(y) = 9(t(x)) = r(g(x )) = r(x) = y. 
i.e., (Aut n Q) x is trivial. t] 

Corollary 2.3.8 Let M = (X ol ,p,'P) be a map. Then for Wx E (Aut M) x is 

trivial. 

For an n-dimensional manifold graph n Q = (Sr, jC), an x E £r is said a root of n Q. 
If we have chosen a root r on an n-dimensional manifold graph n Q , then 11 Q is called 
a rooted n-dimensional manifold graph , denoted by n Q r . Two rooted n-dimensional 
manifold graphs n Q ri and n Q r ’ 2 are said to be isomorphic if there is an isomorphism 
<; between them such that <t(ri) = r 2 . Applying Theorem 2.3.23 and Corollary 2.3.1, 
we get an enumeration result for n-dimensional manifold graphs underlying a graph 
G in the following. 

Theorem 2.3.24 For any integer n,n > 3 , the number r^G) of rooted n-dimensional 
manifold graphs underlying a graph G is 

ne(G) n Pg(v)\ 

v£V{G) 

\AutiG\ 

Proof Denote the set of all non-isomorphic n-dimensional manifold graphs un- 
derlying a graph G by Q S (G). For an n-dimensional graph n Q = (£ r ,C) E Q S (G ), 




61 




denote the number of non-isomorphic rooted n-dimensional manifold graphs under- 
lying n Q by r( n Q). By a result in permutation groups theory, for \/x E £r we know 
that 



|Aut n £| = |(Ant”^) a; ||a; AutT,e |. 

According to Theorem 2.3.23, |(Aut re £7) x | = 1. Whence, |a; Autnt '| = |Aut n t/|. 
However there are |£p| = 2 ne(G) roots in n Q by definition. Therefore, the number of 
non-isomorphic rooted n-dimensional manifold graphs underlying an n-dimensional 
graph n Q is 



( n Q) = \M = 2n£ ( G> ) 

1 J |Aut n £| lAut^r 

Whence, the number of non-isomorphic rooted n-dimensional manifold graphs un- 
derlying a graph G is 



c(G) = y 



2 ne(G) 



^(G) l Aut ”^l ‘ 

According to Theorem 2.3.22, Aut n Q -< AutiG x (//). Whence r G kut n Q for 
n Q E G S (G) if and only if r G (AutiG x (fj))ng. Therefore, we know that Aut n Q = 

(AutiG x ( fj))ng . Because of | AutiG x (n) | = | (AutiG x (n))ng j 
get tfiat 



Auti Gx(/i) , 

G 2 



we 



Aut iGx(fi) . 

y 3 



2|AutiG| 

| Aut^l 



Therefore, 



r S n (G) 



^ 2 ne{G) 

ngh(G) l Aut ^l 

2 ne{G) ^ | AutiG x (/x) 

I AutiG x (fj) | ng ^ S(G) |Aut n ^| 

2t7/<ET (Gt) n q Aut i Gx(/i)| 

| AutiG x (fj) | ng ^ S{G) 

ne(G) II Pg(v)1 

vev(G) 

| Auti G\ 



by applying Corollary 2.3.1. t] 

Notice the fact that an embedded graph in a 2-dimensional manifolds is just a 
map. Then Definition 3.6 is converted to Tutte’s definition for combinatorial maps 
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in this case. We can also get an enumeration result for rooted maps on surfaces 
underlying a graph G by applying Theorems 2.3.7 and 2.3.23 in the following. 



Theorem 2.3.25([66],[67]) The number r L {T) of rooted maps on locally orientable 
surfaces underlying a connected graph G is 



where (3(G) 



r L (G ) 



2 /3(G)+ i £ ( G ) Yl (p( v ) - 1)! 

veV(G) 

\AutiG\ 



e(G) — v(G) + 1 is the Betti number of G. 



i ~ z 

Similarly, for a graph G — ® G, and a multi-manifold M = (j M y choose l 

i = 1 i= 1 

commutative groups I® T 2 , • • • , T;, where T,; = ^/.p, ofpf = o hi = 1^) for any integer 

i 

i,l < i < l. Consider permutations acting on IJ where for any integer i, 1 < i < 

i = 1 

/, £y i is a disjoint union T^x = {<7jx|<7j G T} for \/x G E(Gf). Similar to Definition 

~ 1 

2.3.6, we can also get a multi-embedding of G in M — (j M"" 1 . 

i— 1 



§2.4 Multi-Spaces on Graphs 

A Smarandache multi-space is a union of k spaces Ai, A 2 , ■ ■ ■ , for an integer 
k,k > 2 with some additional constraint conditions. For describing a finite algebraic 
multi-space, graphs are a useful way. All graphs considered in this section are 
directed graphs. 



2.4.1. A graph model for an operation system 

A graph is called a directed graph if there is an orientation on its every edge. A 
directed graph G is called an Euler graph if we can travel all edges of G alone 
orientations on its edges with no repeat starting at any vertex u G V(G) and come 
back to u. For a directed graph G, we use the convention that the orientation on 
the edge e is u ^ v for Ve = (u, v) G E(G) and say that e is incident from u and 
incident to v. For u G V(G), the outdegree p3^(u) of u is the number of edges in G 

incident from u and the indegree p^(u) of u is the number of edges in G incident 



to u. Whence, we know that 



G 






P 



G 



W = P^(u). 



It is well-known that a graph G is Eulerian if and only if pt+(u) = p—>(u) for 
G G 

Vu G V(G), seeing examples in [11] for details. For a multiple 2-edge (a, b), if two 

orientations on edges are both to a or both to b, then we say it to be a parallel 
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multiple 2-edge. If one orientation is to a and another is to b, then we say it to be 
an opposite multiple 2 -edge. 

Now let (A; o) be an algebraic system with operation o. We associate a weighted 
graph G[A ] for ( A ; o) defined as in the next definition. 

Definition 2.4.1 Let (A] o) be an algebraic system. Define a weighted graph G[A 1] 
associated with ( A ; o) by 



V(G{A]) = A 

and 



E(G[A]) = {(a, c) with weight ob \ if aob — c for Va, b, c G A} 
as shown in Fig. 2. 29. 



Fig.j2.29 

For example, the associated graph G[Z 4 ] for the commutative group Z 4 is shown 
in Fig. 2. 30. 



Fig.2.30 

The advantage of Definition 2.4.1 is that for any edge in G[A], if its vertices are 
a,c with a weight ob, then aob = c and vice versa, if aob = c, then there is one and 
only one edge in G[A\ with vertices a, c and weight ob. This property enables us to 
find some structure properties of G[A\ for an algebraic system (A; o). 

PI. G[A\ is connected if and only if there are no partition A = A 4 \JA 2 such that 
for V«i e A\, \/a 2 € A 2 , there are no definition for a 4 o a 2 in ( A ; o). 

If G[A\ is disconnected, we choose one component C and let A 4 = V(C). Define 
A 2 = V(G[A\) \ V(C). Then we get a partition A = Ai\JA 2 and for Voi e A 4 , 
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Vci 2 G A 2 , there are no definition for a\ oa 2 in (A; o), a contradiction and vice versa. 

P 2. If there is a unit 1a in ( A ; o), then there exists a vertex 1a in G[A\ such that 
the weight on the edge (1 a, x) is ox if 1a ° x is defined in ( A ; o) and vice versa. 

P 3. For Va G A, if a -1 exists, then there is an opposite multiple 2-edge (1a, a) in 
G[A\ with weights o a and oa -1 , respectively and vice versa. 

PA. For Va, b G A if a o b = b o a, then there are edges (a, x ) and (b, x), x G A in 
[A] o) with weights w(a,x ) = o b and w{b,x) = oa, respectively and vice versa. 

P 5. If the cancellation law holds in ( A ; o), i.e., for Va, b,c E A, if a o b = a o c then 
b = c, then there are no parallel multiple 2-edges in G[A\ and vice versa. 

The property P2, P 3, P4 and P 5 are gotten by definition. Each of these cases is 
shown in Fig.2.31(l), (2), (3) and (4), respectively. 



Fig .2. 31 

Definition 2.4.2 An algebraic system ( A ; o) is called to be a one-way system if 
there exists a mapping w : A —> A such that if a o b G A, then there exists a unique 
c E A, c o w{b) G A. w is called a one-way function on ( A ; o). 

We have the following results for an algebraic system (A; o) with its associated 
weighted graph G[A\. 

Theorem 2.4.1 Let (A] o) be an algebraic system with a associated weighted graph 
G[A}. Then 

{%) if there is a one-way function w on (A;o), then G[A\ is an Euler graph, 
and vice versa, if G[A] is an Euler graph, then there exist a one-way function w on 
(A;°). 

(ii) if ( A ; o) is a complete algebraic system, then the outdegree of every vertex 
in G[A\ is \A\; in addition, if the cancellation law holds in (A;o), then G[A\ is a 
complete multiple 2-graph with a loop attaching at each of its vertices such that each 
edge between two vertices in G[A\ is an opposite multiple 2-edge, and vice versa. 

Proof (i) Assume zu is a one-way function w on (A;o). By definition there 
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exists c <E A, co w(b) G A for Va G A, a o b G A. Thereby there is a one-to-one 
correspondence between edges from a with edges to a. That is, Pg[A](°0 = Pg[A](°) 
for Va G V{G[A\). Therefore, G[A\ is an Euler graph. 

Now if G[A\ is an Euler graph, then there is a one-to-one correspondence between 
edges in E~ = {ef ; 1 < i < k} from a vertex a with edges E + = {ef ; 1 < i < k} to 
the vertex a. For any integer *, 1 < i < k, define w : w(e~) — > w(ef). Therefore, w 
is a well-defined one-way function on (A; o). 

(ii) If (A\ o) is complete, then for Va G A and V6 G A, a o b G A. Therefore, 
pi^(a) = | A | for any vertex a G V{G[A\). 

If the cancellation law holds in (A;o), by P 5 there are no parallel multiple 2- 
edges in G[A\. Whence, each edge between two vertices is an opposite 2-edge and 
weights on loops are ol A . 

By definition, if G[A\ is a complete multiple 2-graph with a loop attaching at 
each of its vertices such that each edge between two vertices in G[A\ is an oppo- 
site multiple 2-edge, we know that ( A ; o) is a complete algebraic system with the 
cancellation law holding by the definition of G[A\. t] 

Corollary 2.4.1 Let T be a semigroup. Then G[T] is a complete multiple 2-graph 
with a loop attaching at each of its vertices such that each edge between two vertices 
in G[A\ is an opposite multiple 2-edge. 

Notice that in a group T, \/g G T, if g 2 ^ l r , then g~ l ^ g. Whence, all elements 
of order> 2 in T can be classified into pairs. This fact enables us to know the 
following result. 

Corollary 2.4.2 Let T be a group of even order. Then there are opposite multiple 
2-edges in G[T] such that weights on its 2 directed edges are the same. 

2.4.2. Multi-Spaces on graphs 

Let f be a Smarandache multi-space. Its associated weighted graph is defined in 
the following. 

~ n 

Definition 2.4.3 Let T = |J Ti be an algebraic multi-space with (TjjOj) being 

i= 1 

an algebraic system for any integer i, 1 < i < n. Define a weighted graph C(T) 
associated with T by 

n 

G(f ) = u G[r,;], 

i — 1 

where G[Tj] is the associated weighted graph of (Tp Oj) for 1 < i < n. 

For example, the weighted graph shown in Fig. 2. 32 is correspondent with a multi- 
space f = r 1 ur 2 ur 3 , where (Tp-t) = (Z 3 ,+), T 2 = {e,a,6}, T 3 = {1,2, a, b} and 
these operations -on T 2 and o on T 3 are shown in tables 2.4.1 and 2.4.2. 
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Fig .2. 32 





e 


a 


b 


e 


e 


a 


b 


a 


a 


b 


e 


b 


b 


e 


a 



table. 2.4.1 
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tabte 2.4.2 

Notice that the correspondence between the multi-space f and the weighted 
graph G[T] is one-to-one. We immediately get the following result. 

Theorem 2.4.2 The mappings n : f — > G[f] and : G[f] — > f are all one-to-one. 

According to Theorems 2.4.1 and 2.4.2, we get some consequences in the follow- 
ing. 

~ n 

Corollary 2.4.3 Let T = |J be a multi-space with an algebraic system (T*; o^) for 

i= 1 

any integer i, 1 < i < n. If for any integer i, 1 < i < n, G[T,j] is a complete multiple 
2-graph with a loop attaching at each of its vertices such that each edge between two 
vertices in Gr[lY| is an opposite multiple 2-edge, then t is a complete multi-space. 

~ Tl ~ 

Corollary 2.4.4 Let T = U T, be a multi-group with an operation set O(T) = 

i = 1 

_ n 

{°d 1 A i < n}. Then there is a partition G[T] = \J Gi such that each Gi being a 

i= 1 

complete multiple 2-graph attaching with a loop at each of its vertices such that each 
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edge between two vertices in V(Gi ) is an opposite multiple 2-edge for any integer 
i,l < i < n. 

Corollary 2.4.5 Let F be a body. Then G[F ] is a union of two graphs K 2 (F) and 
K 2 (F*), where K 2 (F) or K 2 (F*) is a complete multiple 2-graph with vertex set F 
or F* = F \ {0} and with a loop attaching at each of its vertices such that each edge 
between two different vertices is an opposite multiple 2 -edge. 

2.4.3. Cayley graphs of a multi-group 

Similar to the definition of Cayley graphs of a finite generated group, we can also 

~ n 

define Cayley graphs of a finite generated multi-group, where a multi-group V = U C 

i = 1 

is said to be finite generated if the group Tj is finite generated for any integer 
i,l<i<n, i.e., r* = (x { , y % , • • • , z Si ). We denote by Y = (xi, y { , ■ ■ ■ , z Si ] 1 < i < n) 
if f 1 is finite generated by {xi, yt, ■ ■ ■ ,z Si ; 1 < i < n}. 

Definition 2.4.4 Let Y = (xi, yi, • • • , z Si ; 1 < i < n) be a finite generated multi- 

~ n _ _ _ 

group, S' = U Si, where 1^ ^ Si, S ~ l = {a _i |a G S} = S and (Si) = D; for any 

1=1 

integer i, 1 < i < n. A Cayley graph Cay(l : S ) is defined by 

V (Cay(T : S)) = f 

and 



E(Cay{T : S)) = {( g , h)\ if there exists an integer i,g 1 h e S i} 1 < i < n}. 

By Definition 2.4.4, we immediately get the following result for Cayley graphs 
of a finite generated multi-group. 

_ _ ~ n ~ n 

Theorem 2.4.3 For a Cayley graph Cay(T : S ) with V = |J T,; and S = US*, 

1=1 1=1 
n 

CayiT :S)=\J Cay(T t : Si). 

1=1 

It is well-known that every Cayley graph of order> 3 is 2-connected. But in 
general, a Cayley graph of a multi-group is not connected. For the connectedness of 
Cayley graphs of multi-groups, we get the following result. 

_ _ ~ n ~ n 

Theorem 2.4.4 A Cayley graph Cay(T : S) with Y — 1J T, and S = IJ Si is 

i=l i= 1 

connected if and only if for any integer i, 1 < i < n, there exists an integer j, 1 < 
j < n and j i such that r, f| Yj 0 . 




Proof According to Theorem 2.4.3, if there is an integer i, 1 < i < n such that 
T, f| Tj = 0 for any integer j, 1 < j < n, j i, then there are no edges with the 
form (7/j, h), gi 6 T,, h ET \ T,. Thereby CayiY : S) is not connected. 

~ ~ n 

Notice that Cay(T : S) — \J CayiTi : Sf). Not loss of generality, we assume 

%— 1 

that g G T*, and h e T;, where 1 < k,l < n for any two elements g, h E T. If k — /, 
then there must exists a path connecting g and h in Cayit : S). 

Now if k 7^ l and for any integer i, 1 < i < n, there is an integer j, 1 < j < n and 
j i such that T, H Tj 0, then we can find integers A, *2, • • • , i s , 1 < h, 12 , • • • ,i s < 
n such that 



r fc n r u^0, 

r 4i nr i2 ^0, 



r is Hr^0. 

Thereby we can find a path connecting g and h in Cay(T : S ) passing through 
these vertices in Cay(T ^ : AjJ, Ca?/(rj 2 : S'i 2 ), • • •, and Ca?/(rj s : Si s ). Therefore, 
Cayit : ,5') is connected. t] 

The following theorem is gotten by the definition of a Cayley graph and Theorem 
2.4.4. 

~ n _ _ 

Theorem 2.4.5 IfT— U P with |T| > 3, then a Cayley graph Cay(T : S) 

i= 1 

(i) is an \S\-regular graph; 

(ii) the edge connectivity n(Cay(T : S)) > 2 n. 

Proof The assertion (i) is gotten by the definition of Cay(T : S). For (ii) 
since every Cayley graph of order> 3 is 2-connected, for any two vertices g, h in 
CayiT : S ), there are at least 2 n edge disjoint paths connecting g and h. Whence, 
the edge connectivity n(Cay(T : S)) > 2 n. t] 

Applying multi-voltage graphs, we get a structure result for Cayley graphs of a 
finite multi-group similar to that of Cayley graphs of a finite group. 

~ ~ ~ n 

Theorem 2.4.6 For a Cayley graph Cay(Y : S) of a finite multi-group T = U lb 

i= 1 

with S = U Si, there is a multi-voltage bouquet q : B,^ — > S such that Cay(T : S) = 

Proof Let S = {s,; 1 < i < |A|} and E(B^) = {Lp, 1 <i< |A|}. Define a 
multi-voltage graph on a bouquet B^ by 
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<T : Li — > 1 <i< |S|. 

Then we know that there is an isomorphism r between (-B|^|) < ' and CayiT : S) by 
defining r{O g ) = g for Mg G f, where V(B^) = {O}. t| 

Corollary 2.4.6 For a Cayley graph CayiT : S') of a finite group T, there exists a 
voltage bouquet a : B\s\ — > ► S such that CayiT : S ) = (F>|s|)“. 

§2.5 Graph Phase Spaces 

The behavior of a graph in an m-manifold is related with theoretical physics since it 
can be viewed as a model of p-branes in M-theory both for a microcosmic and macro- 
cosmic world. For more details one can see in Chapter 6. This section concentrates 
on surveying some useful fundamental elements for graphs in n-manifolds. 

2.5.1. Graph phase in a multi-space 

For convenience, we introduce some notations used in this section in the following. 

— — n 

M - a multi-manifold M = |J M n % where M ni is an n. r manifold, n t > 2. For 

i = 1 

multi-manifolds, see also those materials in Subsection 1.5.4. 
u G M - a point u of M. 

Q - a graph G embedded in M. 

C(M) - the set of smooth mappings oo : M — > M, differentiable at each point u 
in M. 

Now we define the phase of a graph in a multi-space. 

Definition 2.5.1 Let Q be a graph embedded in a multi-manifold M. A phase of Q 
in M is a triple (Q]u,A) with an operation o on C(M), where u> : V(G) — > C(M) 
and A : E(Q) — > C(M) such that A (u,v) = forM(u,v ) e E(Q), where || u || 

denotes the norm ofu. 

For examples, the complete graph K 4 embedded in R 3 has a phase as shown in 
Fig. 2. 33, where g G C(R 3 ) and h G C(R 3 ). 



Fig.2.33 
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Similar to the definition of a adjacent matrix on a graph, we can also define 
matrixes on graph phases . 

Definition 2.5.2 Let (Q;u>,A) be a phase and A[G\ = [dij\ p x P the adjacent matrix 
of a graph G with V(G) = {v 4 ,v 2 ,---,v p }. Define matrixes V[Q] = [Vij\ pxp and 
A [G] = [A ij] pxp by 

Vij = ^ if an + 0; otherwise, V n = 0 

II v i ~ Vj II 

and 



A ij = ——j _ 1 if ^ 0; otherwise, An = 0, 

|| Vi~ Vj || 2 

where o is an operation on C(M). 

For example, for the phase of K 4 in Fig. 2. 33, if choice g(u) = (x\,x 2 ,x 3 ), g{v) = 
(2/1, 2/2, 2/3), g(w) = (zi,z 2 ,z 3 ), g(o) = (ti,t 2 ,t 3 ) and o = x, the multiplication of 
vectors in R 3 , then we get that 



V{G) 



g gM 9(u) 9{u) - 

p(u,v) p(u,w) p{u,o) 

9(v) Q 9(v) 9{v) 

p(v,u) p(v,w) p(v,t) 

9(w) g{w) Q g(w) 

p(w,u) p(w,v) p(w,o) 

9(0) 9(0) 9(0) Q 

p(o,u) p{o,v) p(o,w) 



where 



p{u,v) = p(v,u ) = 



- 2/1) 2 + (x 2 ~ y 2 ) 2 + (x 3 - I/3) 2 , 



p(u,w) = p(w,u ) = 



^i) 2 + (x 2 - z 2 ) 2 + (x 3 - z 3 ) 2 , 



p(u,o ) = p(o,u) = 



ti) 2 + (x 2 - t 2 ) 2 + (x 3 - t 3 ) 2 , 



p(v,w) = p(w,v ) 



yj Jyi ~ zi) 2 + ( y 2 - z 2 ) 2 + ( y 3 - z 3 ) 2 , 



p(v, o ) = p(o, v ) = yj (y 4 - t 4 ) 2 + (y 2 - t 2 ) 2 + (y 3 - t 3 ) 2 , 



p(w, 6) = p{o, w) = yj (21 - ti) 2 + (z 2 - t 2 ) 2 + (z 3 - t 3 ) 2 

and 
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g(u)xg(w) g(u)xg(o) - 
p 2 (u,w) p 2 (u,o) 

g(v)xg(w) g(vxg(o) 

p 2 (v, w) p 2 (v,o) 

g g{w)xg(o) 

p 2 (w,o) 

g(o)xg(w) n 

p 2 (o,w) 



where 



g(u) x g(v) = (x 2 y 3 ~ x 3 y 2 , x 3 y x - x± y 3 , xyy 2 - x 2 yi), 



g(u) x g(w) = (x 2 z 3 - x 3 z 2 , x 3 Z\ - x,z :h X]_z 2 - x 2 2 i), 



g[u) x g{6) = ( x 2 t 3 - x 3 t 2 , x 3 ti - xyt 3 , xyt 2 - x 2 ti), 



g(v) x g(u) = ( y 2 x 3 - y 3 x 2 , y 3 x i - yiz 3 , yiz 2 - y 2 2h), 



fl'(v) x y(w) = (y 2 ^3 - y 3 z 2l y 3 z\ - 2/1^3, 2/1^2 - 2/2^1), 



fl'('y) x g(p) = ( : y 2 t 3 - y 3 t 2 , y 3 ti - yyt 3 , yyt 2 - y 2 t 1), 



.9(^0 X ,9(?l) = (^3 - Z 3 £ 2 , Z 3 X X - Z X X 3) ZiX 2 - z 2 x 1), 



g(w) x ,9(u) = (z 2 y 3 - £ 3 y 2 , x 3 yi - zyy :h z x y 2 - 223/1), 



g(w) x g(o) = (2^3 - Z 3 t 2 , Z 3 ti - Zit 3 , Z\t 2 - Z 2 ti), 



g(o) X g(u) = (t 2 x 3 - t 3 x 2, - iix 3 , iix 2 - to), 



9(0) X g(v) = (t 2 y 3 - t 3 y 2 , t 3 yi - ti 2 / 3 , *13/2 - hyi), 



g(o) X C/(w) = ( t 2 Z 3 - t 3 Z 2 , t 3 Z 1 - t\Z 3l t\Z 2 - t 2 ^i)- 

For two given matrixes A = [ciij\ pxp and B = [bij\ pxp , the star product * on an 
operation o is defined by A * B = [a t j o bij] pxp . We get the following result for 
matrixes V[Q] and A [Q\. 

Theorem 2.5.1 V[Q] * V l [Q ] = A [£?]. 



m = 



0 

g(v)xg(u) 
p 2 (v,u) 
g(w)xg(u) 
p 2 (w,u) 
g(°)xg{u ) 
p 2 (o,u) 



g{u)xg(v) 

p 2 (u,v) 

0 

g(w)xg(v) 

p 2 (w,v) 

g(o)xg(v) 

p 2 (o,v) 
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Proof Calculation shows that each (i,j) entry in V[G] * V^Q] is 

Ufa) Q v(vj) = Ufa) ° v(vj) = A 

II Vi - Vj II II Vj - Vi II II Vi - Vj II 2 lv 

where 1 < i, j < p. Therefore, we get that 

v[g]*v t [g] = A[g]. \\ 

An operation called addition on graph phases is defined in the next. 

Definition 2.5.3 For two phase spaces (Gi\ ou i, Ai), (G 2', ^2, A 2 ) of graphs G 1, G 2 in 
M and two operations • and o on C(M), their addition is defined by 

{Gi'i Ai) @(^2; CJ2, A 2 ) = (G 1 (J) G2', • cu 2 , Ai • A 2 ), 

where u>i • u 2 : V(G 1 UG2) — > C(M) satisfying 

( Ui(u) • u 2 (u), if u G V{Gi)G\V{G2), 

Wi»u ; 2 («) = < Wi(«), if u G V(Gi) \ V(G 2 ), 

[ cj 2 (u), ifueV(G 2 )\V(Gi). 

and 



Ai • A 2 (u, v ) = 
for (u, v ) G A(^i) U A(^ 2 ) 



cui • ca 2 (w) o (Ui • ca 2 (u) 



u — v 



The following result is immediately gotten by Definition 2.5.3. 



Theorem 2.5.2 For two given operations • and o on C(M), all graph phases in M 
form a linear space on the field Z 2 with a phase © for any graph phases (Gi',oj 1, A x ) 
and (fG 2 \ c o 2 , A 2 ) in M . 



2.5.2. Transformation of a graph phase 

Definition 2.5.4 Let {fGi',oj\, Af) and (f? 2 ;a; 2 , A 2 ) be graph phases of graphs G\ and 
G 2 in a multi-space M with operations o 1 ,o 2; respectively. If there exists a smooth 
mapping r G C(M) such that 



t : (GijOJi, Ai) — > (C/ 2 ; ^2, A 2 ), 

i.e., for Vw G V(Gi), M(u,v) G E{G\), t(Gi) = G2, r(ui(u)) = u> 2 (r(u)) and 
r(A 1 (u,v)) = A 2 (r(u,v)), then we say (Gi]W\, Ai) and (</ 2 ; u 2 ,A 2 ) are transformable 
and t a transform mapping. 

For examples, a transform mapping t for embeddings of K 4 in R 3 and on the 
plane is shown in Fig. 2. 34 
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Fig.j2.34 

Theorem 2.5.3 Let A x ) and (G 2 ] <^ 2 ,A 2 ) be transformable graph phases with 

transform mapping r. If r is one-to-one on Q 1 and 0 2 , then Gi is isomorphic to 02- 

Proof By definitions, if r is one-to-one on Qi and Q- 2 , then r is an isomorphism 
between Oi and 0- 2 - t] 

A very useful case among transformable graph phases is that one can find pa- 
rameters ti, t 2 , ■ ■ • , t q , q > 1, such that each vertex of a graph phase is a smooth 
mapping of t\, t 2 , • • • , t q . i.e. , for Wu G M, we consider it as u(ti, t- 2 , ■ ■ ■ , t q ). In this 
case, we introduce two conceptions on graph phases. 

Definition 2.5.5 For a graph phase (G]u,A), define its capacity Ca{0\ u, A) and 
entropy En(G ; u, A) by 



and 



Ca(G;u>, A) = ^ c o{u) 
uev(g) 



En{0]uj, A) = log( Y[ || u(u) ||). 

U£V(G) 



Then we know the following result. 

Theorem 2.5.4 For a graph phase {G]u,A), its capacity Ca{0]co,A) and entropy 
En(G', a;, A) satisfy the following differential equations 



dCa(g-,u,A) = dCa ^’ U ’ A ^ dui and dEn(0]uj,A) = dEn & u ’ A ) d M ., 






dui 



where we use the Einstein summation convention, i.e., a sum is over i if it is ap- 
pearing both in upper and lower indices. 

Proof Not loss of generality, we assume u = (u\,U 2 , ■ ■ • ,u p ) for Wu G M. Ac- 
cording to the invariance of differential form, we know that 
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d <jj 




By the definition of the capacity Ca(Q;ou, A) and entropy En(Q;co, A) of a graph 
phase, we get that 



dCa(G;cu,A) = ^ d(u;(w)) 

uev(g) 



R d( E w(«)) 

v- ou{u) uev(G) 

= 2^ — d Ui = du, 



u&V{G) ® Ui 

dCa(Q;cu, A) 
du, 



dui 



du, . 



Similarly, we also obtain that 



dEn(Q',u>,A) = ^ d(log || u{u) 

uev(G) 



o, | / \ | d( E log || c^(w) 

= ^2 EEiMM d-u - “ ey(6) 



uev(G) ® Ui 
dEn(Q ; u, A) 
dm 



dm 



-d u.i 



du,. 



This completes the proof. t| 



In a 3-dimensional Euclid space we can get more concrete results for graph 
phases (G;w, A). In this case, we get some formulae in the following by choice 
u = (zi, x 2 , x 3 ) and v = (y u y 2 , y 3 ). 



oj{u) = (xi, x 2 , x 3 ) for Vm6F (Q), 



A(u, v) 



x 2 V 3 ~ x 3 y 2 , x 3 y 1 - x 3 y 3 , x 3 y 2 - x 2 y 1 
(xi - yi) 2 + (x 2 - y 2 ) 2 + (x 3 - y 3 ) 2 



for V(u,v) e E(Q), 



and 



Ca(Q;uj, A) = ( ^ x x («), ^(u), H x z( u )) 

ueV(G) ueV(G) ueV(G) 



En(G;u, A)— ^ log (x\(u) + x\(u) + x\(u) . 
ueV(G) 
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§2.6 Remarks and Open Problems 

2.6.1 A graphical property P(G) is called to be subgraph hereditary if for any 
subgraph H C G, H posses P(G) whenever G posses the property P{G). For 
example, the properties: G is complete and the vertex coloring number x(G) < k 
both are subgraph hereditary. The hereditary property of a graph can be generalized 
by the following way. 

Let G and H be two graphs in a space M. If there is a smooth mapping <, in C(M) 
such that g(G) = H , then we say G and H are equivalent in M. Many conceptions 
in graph theory can be included in this definition, such as graph homomorphism, 
graph equivalent, ■ ■ •, etc. 

Problem 2.6.1 Applying different smooth mappings in a space such as smooth 
mappings in R 4 or R 4 to classify graphs and to find their invariants. 

Problem 2.6.2 Find which parameters already known in graph theory for a graph 
is invariant or to find the smooth mapping in a space on which this parameter is 
invariant. 

2.6.2 As an efficient way for finding regular covering spaces of a graph, voltage graphs 
have been gotten more attentions in the past half-century by mathematicians. Works 
for regular covering spaces of a graph can seen in [23], [45] — [46] and [71] — [72], 
But few works are found in publication for irregular covering spaces of a graph. The 
multi-voltage graph of type 1 or type 2 with multi-groups defined in Section 2.2 are 
candidate for further research on irregular covering spaces of graphs. 

Problem 2.6.3 Applying multi-voltage graphs to get the genus of a graph with less 
symmetries. 

Problem 2.6.4 Find new actions of a multi-group on a graph, such as the left 
subaction and its contribution to topological graph theory. What can we say for 
automorphisms of the lifting of a multi-voltage graph? 

There is a famous conjecture for Cayley graphs of a finite group in algebraic graph 
theory, i.e., every connected Cayley graph of order> 3 is hamiltonian. Similarly, we 
can also present a conjecture for Cayley graphs of a multi-group. 

~ n 

Conjecture 2.6.1 Every Cayley graph of a finite multi-group T = |J T* with order> 

1=1 

n 

3 and | fj T., >2 is hamiltonian. 

i= 1 

2.6.3 As pointed out in [56], for applying combinatorics to other sciences, a good 
idea is pullback measures on combinatorial objects, initially ignored by the classi- 
cal combinatorics and reconstructed or make a combinatorial generalization for the 
classical mathematics, such as, the algebra, the differential geometry, the Riemann 
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geometry, • • • and the mechanics, the theoretical physics, • • •. For this object, a more 
natural way is to put a graph in a metric space and find its good behaviors. The 
problem discussed in Sections 2.3 is just an elementary step for this target. More 
works should be done and more techniques should be designed. The following open 
problems are valuable to research for a researcher on combinatorics. 

Problem 2.6.5 Find, which parameters for a graph can be used to a graph in a 
space. Determine combinatorial properties of a graph in a space. 

Consider a graph in an Euclid space of dimension 3. All of its edges are seen as 
a structural member, such as steel bars or rods and its vertices are hinged points. 
Then we raise the following problem. 

Problem 2.6.6 Applying structural mechanics to classify what kind of graph struc- 
tures are stable or unstable. Whether can we discover structural mechanics of 
dimension > 4 by this idea? 

We have known the orbit of a point under an action of a group, for example, a 
torus is an orbit of Z x Z action on a point in R 3 . Similarly, we can also define an 
orbit of a graph in a space under an action on this space. 

Let Q be a graph in a multi-space M and II a family of actions on M . Define an 
orbit Or(Q) by 



Or{Q ) = {tt(£)| Vvr e II}. 

Problem 2.6.7 Given an action tt, continuous or discontinuous on a space M , for 
example R 3 and a graph Q in M, find the orbit of Q under the action of it. When 
can we get a closed geometrical object by this action? 

Problem 2.6.8 Given a family A of actions, continuous or discontinuous on a 
space M and a graph Q in M , find the orbit of Q under these actions in A. Find the 
orbit of a vertex or an edge of Q under the action of Q , and when are they closed? 

2.6.4 The central idea in Section 2.4 is that a graph is equivalent to Smarandache 
multi-spaces. This fact enables us to investigate Smarandache multi-spaces possible 
by a combinatorial approach. Applying infinite graph theory (see [94] for details), 
we can also dehne an infinite graph for an infinite Smarandache multi-space similar 
to Definition 2.4.3. 

Problem 2.6.9 Find its structural properties of an infinite graph of an infinite 
Smarandache multi-space. 

2.6.5 There is an alternative way for defining transformable graph phases, i.e., by 
homotopy groups in a topological space, which is stated as follows. 

Let (f/i; cui, Ai) and (G 2 ',^ 2 ,A 2 ) be two graph phases. If there is a continuous 



77 




mapping Hj C(M ) x I — > C(M ) x /, I = [0, 1] such that H(C(M), 0) = (Qi, oq, Af) 
and H(C(M), 1) = (C/ 2 ; ca 2 , A 2 ), then and (Q 2 ; co» 2 , A 2 ) are said two trans- 

formable graph phases. 

Similar to topology, we can also introduce product on homotopy equivalence 
classes and prove that all homotopy equivalence classes form a group. This group 
is called a fundamental group and denote it by it(G]lj,A). In topology there is 
a famous theorem, called the Seifert and Van Kampen theorem, for characterizing 
fundamental groups it\(A) of topological spaces A restated as follows (see [92] for 
details). 

Suppose £ is a space which can be expressed as the union of path- connected open 
sets A, B such that Af]B is path- connected and ni(A) and 7Ti (B) have respective 
presentations 



(oi, ? ®m> i ^n) 5 



(^i, , b m , Si, • • • , 

while 7Ti(^4n B) is finitely generated. Then t\\ {£ ) has a presentation 

(®lj 1 ® mi ^1 1 ' ' ' t bmi ^Tj ' ' " ■> f'n i ®lj ' ' ' ■> ®nj ^ 1 ^1) ' ' ' j ^t) i 

where Ui,Vi,i = 1, • • • , t are expressions for the generators of ni(Ar\B) in terms of 
the generators of tti (Al) and 7Ti ( B ) respectively. 

Then there is a problem for the fundamental group n{Q\u),A) of a graph phase 

Problem 2.6.10 Find a result similar to the Seifert and Van Kampen theorem for 
the fundamental group of a graph phase. 
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